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With the continuing growth in the number of opportunities available at virtual stores over the Internet
there is also a growing demand for the services of computer programs capable of scanning a large number
of stores in a very short time. We assume that the cost associated with each scan is linear in the number
of stores scanned, and that the resulting list of price quotes is not always satisfactory to the customer, in
which case an additional scan is performed, and so on. In such a reality the customer, wishing to mini-
mize her expected cost, must specify the requested sample size and a rule (control limit) to stop the
search.

In the context of search theory, the above search model can be categorized as ‘‘fixed-sample-size,
sequential, with infinite horizon”. According to this model the expected search cost is a function of
two decision variables: the sample size and the control limit. We prove that for arbitrary sample size
the expected search cost is either quasi-convex or strictly decreasing in the control limit, and that the
optimal expected search cost is quasi-convex in the sample size. These properties allow an efficient cal-
culation of the optimal policy. We also develop analytic formulas to calculate the cost’s variance, allowing
customers to choose a slightly higher expected cost if there is a considerable decrease in the variance.
Finally, we present detailed examples for price quotes that are distributed uniformly or exponentially.

� 2008 Elsevier B.V. All rights reserved.
1. Introduction and motivation

We envision a business environment where there is a large vari-
ety of products and services displayed at numerous virtual stores
over the Internet, and assume that customers, while ignorant of
individual stores’ pricing policies, are acquainted with overall price
distributions. We also foresee a growing demand for the services of
‘‘smart agents” (comparison-shopping agents), which, in contrast
to the customers, are capable of randomly scanning many virtual
stores in a very short time. We assume that for their services, these
internet agents will charge a payment consisting of a fixed setup
cost (for initiating the search) and a variable search cost (depend-
ing on the number of virtual stores that need to be scanned). As a
search cycle ends the customer obtains a random sample of stores
and price quotes. However, in our model the customer only focuses
on the ‘‘best opportunity”, i.e., the least price obtained, which may
be disappointing, in which case she orders an additional price scan,
again paying the fixed and variable search costs, and so on. The
objective is to minimize the total product’s cost and payment to
the agent.
ll rights reserved.
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1.1. Comparison-shopping agents

According to Greenwald and Kephart (1999) comparison-shop-
ping agents or Shopbots are Internet agents that automatically
search for information that pertains to the price and quality of
goods and services. These software agents can query multiple on-
line vendors and then return sorted information to the customer
within seconds. Some of the most popular services for price com-
parison are: PriceScan.com, Shopping.com (previously Dealtim-
e.com) and MySimon.com.

Although, until recently, comparison-shopping agents, as well
as many other information services over the Internet, were free
of charge (based on the assumption that electronic advertisements
would cover the costs of the site operators), today more and more
of these services have begun charging for extracting information.
Examples of this trend can be found in Yahoo’s decision to charge
for some of the services offered free until recently (music down-
load, stock quotes, etc.) as well as the decision of the Wall Street
Journal and the Economist to charge for viewing their online edi-
tions. The main drivers for this trend are two: reformation in the
business models of Internet services (‘‘no more free meals”); and
the need for appropriate mechanisms to prevent massive abuse
of these services. The latter reason is gaining importance as elec-
tronic merchants, wishing to adjust their prices according to the
competition (dynamic prices) are seeking continuous real-time

mailto:agn@mta.ac.il
http://www.sciencedirect.com/science/journal/03772217
http://www.elsevier.com/locate/ejor


668 A. Grosfeld-Nir et al. / European Journal of Operational Research 197 (2009) 667–674
information about the market. Offering information free of charge
may produce a frequency of queries that can escalate to service
crash (big B2C players such as Amazon, might be interested in
making comparative price inquiries for their numerous different
products). Greenwald and Kephart (1999) extend this reasoning
by introducing the notion of endless cyclic queries: a seller receiv-
ing an electronic request for a price quote may want first to check
the price status of the competitors who may then, before replying,
query him, and so on.

1.2. Search theory: Overview and related literature

Modeling the search for the best opportunity has attracted the
attention of many researchers, prompting several literature re-
views over the years, such as Lippman and McCall (1976), Burdett
(1989) and McMillan and Rothschild (1994). A remarkably long list
of articles has been dedicated to variations of the ‘‘secretary prob-
lem” (Ferguson, 1989).

Search models have developed to a point where their total
contribution is referred to as ‘‘search theory”. The two most
elementary search models are: (a) The ‘‘fixed-sample-size” (or
‘‘non-sequential”) model; and (b) The ‘‘sequential” model. Fixed-
sample-size models are single-period models allowing for only a
single sampling attempt. The problem is then to determine the
optimal sample size. Sequential models are multi-period models
allowing for only a single observation at each search period.
The problem is then to determine an optimal control limit
(stop the search if and only if the minimal price quote is smaller
than the control limit; also referred to as reservation rate; or reser-
vation wage in the labor market search literature). When sequen-
tial models are considered there is also a distinction between
finite and infinite decision horizon. Thus, in the context of search
theory, our model can be categorized as ‘‘fixed-sample-size,
sequential, with infinite horizon”. As this is a generalization of both
the ‘‘sequential” and ‘‘non-sequential” scenarios, the problem is to
determine, together, the optimal control limit and the sample size.

Search articles date back to the 1950s, e.g., Simon (1955). Sti-
gler’s (1961) introduced a fixed-sample-size model; McCall
(1965, 1970) considered sequential models. Salop and Stiglitz
(1977) point out that the fixed sample size is not necessarily
dominated by the sequential search. Some of the sequential
search literature, e.g., Rothschild (1974), and Lippman and McCall
(1976) considered the presence of the recall option, the nature of
the population and the decision time horizon. McMillan and
Rothschild (1994) provide a long list of articles devoted to
explaining the observed dispersion of prices in markets and oth-
ers dealing with bargaining. Tesler (1973) studied sequential
search empirically, focusing on the information the searcher
has on price distribution and recall issues. Stahl (1989) studied
a buyer–seller equilibrium.

Some researchers, e.g., Gal et al. (1981), Morgan (1983), Benha-
bib and Bull (1983), Morgan and Manning (1985) and McKenna
(1986), suggested a combined (sequential and non-sequential)
model in which a number of observations may be made in any per-
iod. This in fact is the model analyzed here. Gal et al. (1981) stud-
ied the case where the agent draws independently and identically
distributed observations from a population with a known probabil-
ity density function, though with uncertainty associated with the
availability of the inspected offers. They establish some of the
properties of a search rule, focusing mainly on the effects of deci-
sion time horizon. This approach has been recently applied to
examining housing search behavior and the effects of brokers on
the intensity and duration of search (Baryla et al., 2000).

Morgan (1983) suggested a model in which the searcher could
choose his sample size and whether or not to stop the search at
each of a sequence of decision points. This article focused on the
necessary and sufficient conditions for the existence of optimal
solutions of models with recall and fallback utilities. Nevertheless,
calculating the optimal sample size and reservation price was rec-
ognized to be a complex task (Cosme, 1997). Both Benhabib and
Bull (1983) and Morgan and Manning (1985) consider fixed-sam-
ple-size sequential models with finite horizon. Benhabib and Bull
(1983) apply their model to job search. They prove that the reser-
vation wage is non-decreasing in the number of remaining periods
and show that the optimal sample size will always be less than that
chosen in Stigler’s (1961) model. Morgan and Manning (1985) al-
low the sample size to vary from period to period based upon
the time remaining and the information obtained. They provide
conditions that the optimal strategy must satisfy.

Based on the three above basic methods (sequential, non-
sequential and the combined approach), many variants have been
investigated. For example, the case where the consumer has a bud-
get constraint (Manning and Morgan (1982) for Stigler’s model,
Veendorp (1984) for the sequential search) or when the searcher
is mixing consumption with search (Benhabib and Bull (1983),
where the job seeker is still working while searching) and account-
ing for inter-temporal budget allocation between consumption and
search (Kohn and Shavell, 1974; Manning and Manning, 1997;
Manning, 1989).

In parallel, search theory also evolved as an attempt of model-
ing Research and development (R&D) as a search process for a bet-
ter technology, where applied research is a search in a given
distribution, and basic research is a shift in the distribution
searched (Evenson and Kislev (1975), see a review in Quyen and
Vafa (2001)). Similar ideas associated with random search for low-
er cost methods from a fixed population of technological possibil-
ities were proposed by Tesler (1982) and Muth (1986).
Complementary models studying an endogenous growth in which
technological improvements are generated by a costly and uncer-
tain search process, with search efforts financed by capital whose
alternative use is in the production of consumption goods were
proposed by Jovanovic and Macdonald (1994) and Bental and Peled
(1996, 2002).

Before continuing to the next section, it is important to note
that a main goal of economic research in the area of search the-
ory was developing theoretical models for analyzing the impact
of search costs on the distribution of market prices (referred to
as price dispersion). This notion was first introduced by Stigler
(1961) and was reflected in many of the work cited above. As
intuitively expected, any decrease in the search costs encourages
consumers to increase search (i.e. sampling additional stores),
resulting with an increased competition on the sellers’ side, caus-
ing eventually a price reduction. With the recent growing inter-
est in eCommerce we evidence a bloom in empirical research
aiming to test the intuitive hypothesis that lower search costs in-
creases search and result with lower prices (Brown and Goolsbee,
2002; Brynjolfsson and Smith, 2000; Clay et al., 2002; Lee, 1998;
Cason and Friedman, 2003) yielding mixing results for different
markets.

As stated above, the process of calculating the optimal sample
size and the optimal reservation price was recognized to be a com-
plex task. In this paper we address this issue for the ‘‘fixed-sample-
size, sequential, with infinite horizon” search model.

1.3. A summary of results

We denote VN(x) the expected cost if the sample size is N and
the control limit is x and refer to it as the ‘‘cost function”. We pro-
vide a precise formulation of VN(x) in terms of the decision vari-
ables x and N. Mostly, the study of the fixed-sample-size,
sequential, infinite-horizon model is through the analysis of
VN(x). The main findings and contributions are:
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� For arbitrary N, VN(x) is either quasi-convex or strictly decreas-
ing in x. The situation is depicted in Figs. 1, 2a and 2b.

� For arbitrary N, let x�N and V�N be the optimal values of the control
limit and cost function, respectively, then x�N ¼ V�N . While this
intuitive property has been observed and used in the past we
are the first to prove it, formally, based on a cost function (also
see Comment 2).

� V�N is quasi convex in N. Thus, the optimal sample size, N*, can be
found via a search over N, with a simple stopping rule.

� We develop analytic formulas to calculate the cost’s variance.
This has not been done before.
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Fig. 1. The cost function for exponential observations. (The parameters used were:
a = 40, b = 5, N = 2 and k = 0.002.)
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Fig. 2a. The cost function for uniform observations when a + bN + lN < 1. (The
parameters used were: a = 0.040, b = 0.005 and N = 2.)
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Fig. 2b. The cost function for uniform observations when a + bN + lN > 1. (The
parameters used were: a = 0.6, b = 0.2 and N = 2.)
� As an illustration and application we examine prices that are
either uniform or exponential.

2. The model: Formulation and analysis

We consider a business environment where there is a consider-
able demand for the services of Internet search agents and assume
that for a random sample of N observations agents charge a + bN,
where a and b are the fixed and variable search costs, respectively.

We denote X1, . . ., XN a random sample (of price quotes at differ-
ent stores) drawn from a population with p.d.f. g(x) and c.d.f. G(x),
0 6 x <1, and define YN ¼minfX1; . . . ;XNg:

We denote fN(y) and FN(y) the p.d.f. and c.d.f. of YN, respectively,
and lN = E(YN). Clearly (using the notation GðyÞ ¼ 1� GðyÞÞ

FNðyÞ ¼ 1� GNðyÞ and f NðyÞ ¼ N � gðyÞ � GN�1ðyÞ: ð1Þ

After obtaining a random sample the customer has the option to
end the search, paying YN for the commodity; or, if she is discon-
tented with the result (because she thinks the least costly opportu-
nity in the sample is too high) orders an additional search iteration,
paying, again, a + bN to the agent. Thus, in total, the customer’s
optimal policy is characterized by two numbers: N*, the optimal
sample size to be ordered; and x*, the optimal control limit which
is the highest price she is willing to accept.

Note that in our model the time horizon is infinite. Also, as we
assume that search iterations are very fast, typically lasting several
seconds, we will not use a discounting factor.

Why base the stopping rule on the lowest price quote, disre-
garding the number of search iterations? Or, in other words, why
not use a finite horizon model? In the Appendix we present a finite
horizon search model, proving that it leads to higher expected
search costs. In addition, a finite horizon model may be preferable
when iterations are lengthy; however, over the Internet search is
fast.

For fixed (arbitrary) N, we denote VN(x) the expected search cost
(until the search is terminated) if the search ends only as YN 6 x. If
YN > x the search proceeds (a new sample of size N is taken). Thus

VNðxÞ ¼ E½aþ bN þ YN � 1ðYN 6 xÞ þ VNðxÞ � 1ðYN > xÞ�:

Here 1(YN 6 x) represents the indicator of the event {YN 6 x}. Note
that E[1(YN > x)] = 1 � FN(x) and that E½YN � 1ðYN 6 xÞ� ¼R x

y¼0 yfNðyÞdy. Thus

VNðxÞ ¼
aþ bN þ

R x
y¼0 yfNðyÞdy

FNðxÞ
: ð2Þ

We will refer to VN(x) as the ‘‘cost function”. Probabilistically, Eq. (2)
resembles Example 7.11 from Sheldon (2002, Chapter 7). Note that
VN(x) P a + bN and that

ðaÞ lim
x!0þ

VNðxÞ ¼ 1 and ðbÞ lim
x!1

VNðxÞ ¼ aþ bN þ lN : ð3Þ

The content of (3) is intuitive: if the control limit, x, is very small,
the chances of obtaining YN 6 x are small. Thus, repeated samples
must be taken, leading to high overall costs. If, on the other hand,
the control limit, x, is very large, almost surely YN 6 x will be ob-
tained in the first sample.

Comment 1

(a) The cost function, VN(x), can be decomposed into two
parts: (a + bN)/FN(x), and ð

R x
y¼0 yfNðyÞdyÞ=FNðxÞ, representing,

respectively, the expected payment to the agent and the
expected cost of purchasing the commodity. (The expected
number of search cycles is 1/FN(x); the expected purchasing
cost is EðYNjYN 6 xÞ ¼

R x
y¼0 yfNðyÞdy=FNðxÞ.)
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(b) Next we will perform various mathematical operations con-
cerning VN(x). As we envision the search to last a short time
we assume that the number of stores and distribution of
prices remain unchanged during the search, i.e., the system
is in steady-state. This assumption is supported by recent
empirical research in online retail markets, e.g., Baye et al.,
2005 and Clay et al. (2002). Also, we assume sampling is
with replacement, i.e., performing additional iterations the
comparison-shopping may return to some of the same
stores. In any case, even if these agents will learn to do sam-
pling without replacement we assume the sampled popula-
tion is large, thus statistical correction terms are negligible.

(c) To ease technicalities we assume that either g(x) > 0 over
[0,1), or that g(x) > 0 only over [0, A], for some A, i.e.,
g(x) = 0 over (A,1). Note that if g(x) > 0 only over [0, A], then
VN(x) = a + bN + lN, x P A. Next, through Theorems 1–4, we
explore several important properties of VN(x).

Theorem 1

(a) Suppose that g(x) > 0 over [0,1); then, for arbitrary N

(a1) VN(x) is quasi convex in x with a unique minima satisfy-

ing V�N ¼ x�N, and
(a2) VN(x) is asymptotic from below to a + bN + lN.

The situation is depicted in Fig. 1.

(b) Suppose that g(x) > 0 only over [0, A]; then, for arbitrary N,
either

(b1) VN(x) is quasi convex in x with a unique minima satisfy-

ing: V�N ¼ x�N, or
(b2) VN(x) strictly decreases over [0, A].

The situation is depicted in Figs. 2a and 2b.

Proof

V 0NðxÞ �
dVNðxÞ

dx
¼

xfNðxÞFNðxÞ � fNðxÞ½aþ bN þ
R x

y¼0 yfNðyÞdy�
F2

NðxÞ

¼ fNðxÞ
FNðxÞ

½x� VNðxÞ� � rNðxÞ½x� VNðxÞ�: ð4Þ
(a1) Let x�N be a value satisfying V 0Nðx�NÞ ¼ 0, then
V�N � VNðx�NÞ ¼ x�N . Note that rN(x) > 0, hence
V 00Nðx�NÞ ¼ r0Nðx�NÞðx�N � V�NÞ þ rNðx�NÞ½1� V 0Nðx�NÞ� ¼ rNðx�NÞ > 0:

Thus VN(x) is quasi convex.

(a2) This is a consequence of (a1) and (3-b).
(b1) Observe Eq. (4). If a value x, satisfying V 0NðxÞ ¼ 0, exists over

[0, A], the situation is similar to (a1).
(b2) If a value x, satisfying V 0NðxÞ ¼ 0, does not exist over [0, A],

then VN(x) either strictly increases or strictly decreases over
[0, A]. Also, from (4) the sign of V 0NðxÞ is determined by
[x � VN(x)]. However, from (3-a) it follows that for small val-
ues of x, [x � VN(x)] < 0. h

Comment 2. The notion of using a reservation rate that satisfies
V�N ¼ x�N is intuitive: at the end of each search cycle the customer
may stop the search, paying YN, or proceed with the search at a
total future expected cost equal to V�N . Thus, it is optimal to pro-
ceed with the search as long as YN > V�N . We should add that sev-
eral authors assumed that V�N ¼ x�N in analyzing their model;
however, we are first to prove it, formally, in conjunction with a
cost function.
Theorem 2. Suppose that g(x) > 0 only over [0, A]. Then, the condition
a + bN + lN > A is necessary and sufficient for VN(x) to be strictly
decreasing in x.

Proof. Note that, as a consequence of Theorem 1b, VN(x) strictly
decreases in x if and only if it strictly decreases at x = A. Thus, using
(4), VN(x) strictly decreases in x if and only if A � VN(A) < 0 which is
equivalent to a + bN + lN > A.

Theorems 1 and 2 reveal the shape of VN(x), x P 0. Also, for
arbitrary N, Theorem 1 provides a practical tool to calculate the
control limit, x�N; namely to solve VN(x) = x. The next theorem
reveals another useful property of the control limit. This property
can also be used to calculate x�N and helps in further analyzing the
model. h

Theorem 3. For arbitrary N, the optimal control limit satisfies:

aþ bN ¼
Z x�N

y¼0
FNðyÞdy; ð5Þ

and, therefore, V�N ¼ x�N strictly increases in the parameters a and b.

Proof. First note that for x ¼ x�N the relationship VN(x) = x is equiv-
alent to xFNðxÞ ¼ aþ bN þ

R x
y¼0 yfNðyÞdy. Next observe that (using

integration by parts)
R x

y¼0 yfNðyÞdy ¼ xFNðxÞ �
R x

y¼0 FNðyÞdy. h

Comment 3. Theorems 1–3 reveal the shape of the cost function
and provide an effective methodology to calculate the optimal pol-
icy: set N = 1 and calculate V�1 ¼ x�1, then set N = 2 and calculate
V�2 ¼ x�2 and so on. Then choose a sample size N* for which the value
of the cost function is minimal. Note that, by Eq. (2), a + bN*

6 V*

and V�1 6 aþ bþ l1. Also, clearly, V� 6 V�1; therefore, N*
6 1 + l1/

b, which provides an upper bound to stop the search for N*. While
such a bound is useful we will provide a stronger result, namely,
that V�N ¼ x�N is quasi convex in N.

Theorem 4

(a) The optimal expected search cost, V�N, is quasi convex in N.

For the proof see the Appendix.

Proposition 1. The optimal policy for some special cases, namely,
a = 0 or b = 0, seems trivial. Yet the proofs require some work.

(a) If a = 0 it is optimal to use a sample of size one, i.e., V�1 6 V�N.
(For this case our model coincides with Lippman and McCall
(1976).)

(b) If b = 0 it is optimal to use the largest possible sample, i.e.,
V�Nþ1 6 V�N. That is, the optimal sample size is infinite.

For the proof see the Appendix.
3. Examples: Specific distribution functions

In this section we apply the theory developed above to observa-
tions that are drawn from either the exponential or the uniform
distribution.
3.1. Observations drawn from the exponential distribution

Assume that prices are exponential, i.e., for x P 0

gðxÞ ¼ ke�kx and f NðxÞ ¼ kNe�kNx; FNðxÞ ¼ 1� e�kNx:
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Also, lN = 1/kN. Therefore, using (2)

VNðxÞ ¼
aþ bN � xe�kNx � e�kNx

kN þ 1
kN

1� e�kNx
:

Next, to calculate x�N , we use (5):

aþ bN ¼
Z x�N

y¼0
FNðyÞdy ¼

Z x�N

y¼0
ð1� e�kNyÞdy ¼ x�N þ

1
kN
ðe�kNx�N � 1Þ:

This leads to (note that solving VN(x) = x leads to the same result):

kNðaþ bN � x�NÞ þ 1 ¼ e�kNx�N ;

from which x�N can be easily obtained.

3.2. Observations drawn from the uniform distribution

Assume that prices are uniform, i.e., for 0 6 x 6 1

gðxÞ ¼ 1 and f NðxÞ ¼ Nð1� xÞN�1; FNðxÞ ¼ 1� ð1� xÞN:

Also, lN = 1/(N + 1). Therefore (using (3)),

VNðxÞ ¼
aþbN�ðð1þNxÞð1�xÞN�1ÞlN

1�ð1�xÞN ; 0 6 x 6 1;

aþ bN þ lN; 1 6 x 61:

(
:

Clearly, if a + bN + lN > 1, x�N ¼ 1. Otherwise, to calculate x�N , we use
(5):

aþ bN ¼
Z x�N

y¼0
FNðyÞdy ¼

Z x�N

y¼0
½1� ð1� yÞN�dy

¼ x�N þ
1

N þ 1
½ð1� x�NÞ

Nþ1 � 1�:

This leads to:

ðN þ 1Þðx�N � a� bNÞ ¼ 1� ð1� x�NÞ
Nþ1

;

from which x�N can be easily obtained.
Table 1 summarizes a numerical comparison between exponen-

tial and uniform observations, with equal means, for b = 0.001. The
column ‘‘cycles” is the expected number of sample draws, i.e., 1/
FN(x) as N = N* and x = x*. Note that, for uniform observations, if
the solution of VN(x) = x yields a value greater than one, then any
x P 1 may serve as a control limit. For example, for a = 1.024, we
have V* = x* = 1.086. Thus effectively, x* = 1 and only one sample
needs to be taken. However, to achieve the optimal expected
search cost of V* = 1.086 one must use a sample of N* = 31
observation.

To demonstrate the results of Table 1 in terms of dollars, as-
sume that the uniform and exponential quotes are in terms of
thousands of dollars, i.e., the mean is $500. Thus the variable cost
is b = $1. If the setup cost is small, for example a = $4, and prices
are uniformly distributed, the expected number of search cycles
Table 1
Numerical values for exponential and uniform observations (b = 0.001)

a Uniform Exponential (k = 2)

N* V* = x* Cycles N* V* = x* Cycles

0.001 7 0.050 3.30 6 0.037 2.81
0.002 10 0.053 2.38 8 0.039 2.15
0.004 13 0.057 1.87 11 0.043 1.64
0.008 18 0.064 1.44 14 0.049 1.35
0.016 22 0.074 1.23 17 0.058 1.16
0.032 26 0.092 1.09 20 0.076 1.05
0.064 29 0.126 1.02 22 0.109 1.01
0.128 30 0.190 1.00 22 0.173 1.00
0.256 31 0.318 1.00 22 0.301 1.00
0.512 31 0.574 1.00 22 0.557 1.00
1.024 31 1.086 1.00 22 1.069 1.00
is 1.87 and the expected total cost (agent + commodity) is $57. If,
on the other hand, a = $64, the expected number of search cycles
is 1.02 and the expected total cost (agent + commodity) is $126.
Note that unless a is very large, the customer pays considerably
less than the mean. Also note that both N* and V* increase in a,
which is intuitive.

To further explore the impact of a and b on V* and N* we per-
formed the following experiment. For each of the values a in Table
1 we varied b to assume the values:

b ¼ 0:001 � f1;2;4;8;16;32;64;128;256;512g;

i.e., a total of 10 � 11 = 110 experiments. (Actually, 220 experi-
ments, as each was performed for both uniform and exponential
prices). Results are given in Tables 3a and 3b in the Appendix.

These experiments affirm that any increase in a and b increases
the optimal reservation value x* (and hence, the expected cost).
Furthermore, any change in b has a greater effect on x* than a sim-
ilar change in a. Also, as expected, N* is non-decreasing in a and
non-increasing in b.

4. Calculating the cost’s variance

Customers may want to consider the tradeoff between using a
strategy with low expected cost versus a strategy with a slightly
higher expected cost, but with a considerable lower variance.

To calculate the variance we need to represent the search cost as a
random variable. We denote VN(x, YN) the random cost if the reserva-
tion rate is x and the random outcome is YN. The following is the most
elementary mathematical statement of the search problem:

VNðx; YNÞ ¼ aþ bN þ YN � 1ðYN 6 xÞ þ VNðx; bY NÞ � 1ðYN > xÞ�; ð6Þ

here YN and bY N are independent and identically distributed random
variables. Therefore

VNðxÞ ¼ E½VNðx;YNÞ� ¼ aþ bN þ E½YN � 1ðYN 6 xÞ� þ VNðxÞ � FNðxÞ;

which is consistent with (2). Now

½VNðx;YNÞ�2 ¼ ðaþ bNÞ2 þ 2ðaþ bNÞ½YN � 1ðYN 6 xÞ
þ VNðx; bY NÞ � 1ðYN > xÞ� þ ðYNÞ2 � 1ðYN 6 xÞ
þ ðVNðx; bY NÞÞ2 � 1ðYN > xÞ�:

Thus

½VNðx;YNÞ�2 ¼ ðaþ bNÞ2 þ 2ðaþ bNÞ½VNðx; YNÞ � ðaþ bNÞ� þ Y2
N

� 1ðYN 6 xÞ þ ½VNðx; bY NÞ�2 � 1ðYN > xÞ:

Let LN(x) � E [VN(x, YN)]2, then

LNðxÞ ¼
ðaþ bNÞð½2VNðxÞ � ðaþ bNÞ�Þ þ

R x
0 y2fNðyÞdy

FNðxÞ
:

Table 2
The optimal cost and standard deviation as a function of N, for exponential
observations (k = 0.1, a = 1, b = 0.1)

N x�N rNðx�NÞ N x�N rNðx�NÞ N x�N rNðx�NÞ

1 5.088 6.705 11 2.975 0.645 21 3.576 0.225
2 3.915 3.472 12 3.011 0.574 22 3.654 0.206
3 3.449 2.385 13 3.055 0.513 23 3.735 0.188
4 3.207 1.831 14 3.105 0.459 24 3.817 0.173
5 3.069 1.489 15 3.161 0.411 25 3.900 0.160
6 2.989 1.251 16 3.221 0.369 26 3.985 0.148
7 2.947 1.074 17 3.286 0.333 27 4.070 0.137
8 2.930 0.935 18 3.354 0.300 28 4.157 0.128
9 2.932 0.821 19 3.426 0.272 29 4.245 0.119

10 2.948 0.726 20 3.500 0.247 30 4.333 0.111
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Finally, let r2
NðxÞ � VarðVNðx; YNÞÞ, hence

r2
NðxÞ ¼ LNðxÞ � V2

NðxÞ:

The expressions of LN(x) for the exponential and uniform distribu-
tions can be found in the Appendix.

As a numerical example we consider the search for a commod-
ity whose prices are exponential with mean of 10 dollars. We as-
sume the fixed cost for initiating the search is one dollar and
that the variable cost is 0.1 dollar. That is: k = 0.1, a = 1, b = 0.1.

The results are depicted in Table 2. Note that the optimal policy
is to use N = 8; the resulting expected cost $2.93 with a standard
deviation of $0.935. Note that in spite of the relative high values
of a and b, the customer benefits substantially – relative to the
mean. Also, the customer may prefer to use, for example, N = 14
with an expected cost of $3.105 (an increase of about 6%) with a
substantial reduction in the standard deviation (about 50%).

5. Conclusions

While our study was motivated by an application of search over
the Internet; the academic and practical problem of searching for
the best opportunity is shared by all disciplines. In our paper we
have presented a precise formulation of the ‘‘fixed-sample-size,
sequential, infinite horizon” search model. This model is a natural
extension of the classical ‘‘fixed-sample-size” and ‘‘sequential”
models. Our analysis characterizes the cost function, VN(x) as either
quasi-convex or convex-strictly-decreasing in x, and reveals that x�N
is quasi-convex in N. These results make it easy to calculate the
optimal policy and generalize earlier results obtained for the clas-
sical more elementary models.

How practical is the use of an infinite-horizon search model?
Our numerical examples (Table 1) reveal that even for small values
of the fixed cost (a) the expected number of search cycles is quite
moderate. Such calculation can also help the operators of compar-
ison-shopping agents to determine reasonable pricing and offer
packages which are guaranteed to have a small expected number
of search cycles.

Some of the analytical computations required to solve the
search problem may be quite demanding. The main difficulty is
in the need to calculate the integral

R x
0 yfNðyÞdy, which involve
Table 3a
Values of V* and N* as a function of a and b for uniform observations

Uniform distribution b

0.001 0.002 0.004 0.008

a 0.001 N* 7 4 3 2
x* 0.05 0.07 0.10 0.13

0.002 N* 10 6 4 2
x* 0.05 0.07 0.10 0.14

0.004 N* 13 8 5 3
x* 0.06 0.08 0.11 0.14

0.008 N* 18 11 7 4
x* 0.06 0.08 0.11 0.15

0.016 N* 22 14 9 5
x* 0.07 0.10 0.13 0.17

0.032 N* 26 17 11 7
x* 0.09 0.12 0.15 0.19

0.064 N* 29 20 13 8
x* 0.13 0.15 0.18 0.23

0.128 N* 30 21 14 10
x* 0.19 0.22 0.25 0.30

0.256 N* 31 21 15 10
x* 0.32 0.34 0.38 0.43

0.512 N* 31 21 15 10
x* 0.57 0.60 0.63 0.68

1.024 N* 31 21 15 10
x* 1.09 1.11 1.15 1.19
the distribution of a minimum of random variables. One course
of action is to evaluate the integral, numerically, for each N. What
we should report is that we have developed an algorithm that al-
lows for a very quick approximation of the optimal policy. In brief,
our method approximates any given p.d.f. with a histogram. The
number of rectangles used determines the precision. The histo-
gram is linked to a computer program that takes advantage of
the theoretical properties proved in Theorems 1–4. More details
are available from the authors.

An important contribution of our paper is in the derivation of
formulas to calculate the cost’s variance. This has been achieved
via presenting the cost as a random variable. While a clear applica-
tion is in considering the tradeoff between expected cost and var-
iance, we believe that other researchers will come up with
additional applications. One course of action could be in consider-
ing a cost function equal to a weighted total of the expected search
cost and the standard deviation.

It is interesting to observe that the content of Theorems 1–3 re-
mains unchanged if the direct search cost, i.e., (a + bN), is replaced
by c(N), a general function of N. However, this is not necessarily
true for Theorem 4, i.e., for general c(N), V�N is not necessarily qua-
si-convex in N.

We like to conclude our article offering several possible exten-
sions and directions for future research. (a) In some applications
the customer does not have complete knowledge of the distribu-
tion of the product’s prices. In such a case, after each search iter-
ation, the customer may want to revise her prior over this
distribution. (b) A customer may want to acquire several prod-
ucts. This may influences the size of the control limit and the
number of stores that need to be scanned. (c) Similar to (b) sev-
eral customers may want to collaborate by ordering several
products. While some of the benefits of such collaboration are
obvious there is also the problem of how they should split the
surplus among themselves.
Appendix A

Proof of Theorem 4. First note that FKþ1ðyÞ � FKðyÞ ¼
ð1� GðyÞÞ½GðyÞ�K is non-negative, strictly decreasing in K. Hence
0.016 0.032 0.064 0.128 0.256 0.512

1 1 1 1 1 1
0.18 0.26 0.36 0.51 0.72 1.01
1 1 1 1 1 1
0.19 0.26 0.36 0.51 0.72 1.01
2 1 1 1 1 1
0.20 0.27 0.37 0.51 0.72 1.02
3 2 1 1 1 1
0.21 0.28 0.38 0.52 0.73 1.02
3 2 1 1 1 1
0.22 0.30 0.40 0.54 0.74 1.03
4 3 2 1 1 1
0.25 0.33 0.43 0.57 0.76 1.04
5 3 2 1 1 1
0.29 0.37 0.48 0.62 0.80 1.08
6 4 3 2 1 1
0.36 0.45 0.56 0.71 0.88 1.14
7 4 3 2 1 1
0.49 0.58 0.70 0.84 1.01 1.27
7 5 3 2 1 1
0.75 0.84 0.95 1.10 1.27 1.52
7 5 3 2 1 1
1.26 1.35 1.47 1.61 1.78 2.04



Table 3b
Values of V* and N* as a function of a and b for exponential observations

Exponential distribution b

0.001 0.002 0.004 0.008 0.016 0.032 0.064 0.128 0.256 0.512

a 0.001 N* 6 4 2 1 1 1 1 1 1 1
x* 0.04 0.05 0.07 0.10 0.14 0.19 0.28 0.41 0.61 0.94

0.002 N* 8 5 3 2 1 1 1 1 1 1
x* 0.04 0.05 0.07 0.10 0.14 0.20 0.28 0.41 0.61 0.94

0.004 N* 11 7 4 3 2 1 1 1 1 1
x* 0.04 0.06 0.08 0.11 0.15 0.20 0.29 0.41 0.61 0.94

0.008 N* 14 9 6 3 2 1 1 1 1 1
x* 0.05 0.06 0.09 0.12 0.16 0.21 0.29 0.42 0.62 0.94

0.016 N* 17 11 7 4 3 2 1 1 1 1
x* 0.06 0.07 0.10 0.13 0.17 0.23 0.31 0.43 0.63 0.95

0.032 N* 20 13 9 6 4 2 1 1 1 1
x* 0.08 0.09 0.12 0.15 0.19 0.26 0.35 0.46 0.65 0.97

0.064 N* 22 15 10 7 4 3 2 1 1 1
x* 0.11 0.13 0.15 0.19 0.23 0.30 0.39 0.51 0.70 1.01

0.128 N* 22 16 11 7 5 3 2 1 1 1
x* 0.17 0.19 0.22 0.25 0.30 0.37 0.47 0.61 0.78 1.08

0.256 N* 22 16 11 8 5 4 3 2 1 1
x* 0.30 0.32 0.35 0.38 0.43 0.51 0.61 0.75 0.93 1.22

0.512 N* 22 16 11 8 6 4 3 2 1 1
x* 0.56 0.58 0.60 0.64 0.69 0.76 0.87 1.01 1.22 1.50

1.024 N* 22 16 11 8 6 4 3 2 1 1
x* 1.07 1.09 1.11 1.15 1.20 1.28 1.38 1.53 1.77 2.03
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Z x

y¼0
ðFNþ2ðyÞ � FNþ1ðyÞÞdy <

Z x

y¼0
ðFNþ1ðyÞ � FNðyÞÞdy: ðA1Þ

Recall that V�N ¼ x�N . We will show that x�N 6 x�Nþ1 implies
x�Nþ1 6 x�Nþ2. From Theorem 3 we have aþ bN ¼

R x�N
y¼0 FNðyÞdy. Also,

aþ bðN þ 1Þ ¼
R x�Nþ1

y¼0 FNþ1ðyÞdy. Therefore

b ¼
Z x�Nþ1

y¼0
FNþ1ðyÞdy�

Z x�N

y¼0
FNðyÞdy: ðA2Þ

Similarly,

b ¼
Z x�Nþ2

y¼0
FNþ2ðyÞ dy �

Z x�Nþ1

y¼0
FNþ1ðyÞdy: ðA3Þ

By hypothesis, x�N 6 x�Nþ1. Hence, from (A2)

b P
Z x�Nþ1

y¼0
FNþ1ðyÞdy�

Z x�Nþ1

y¼0
FNðyÞdy

¼
Z x�Nþ1

y¼0
ðFNþ1ðyÞ � FNðyÞÞdy: ðA4Þ

Assume now that x�Nþ1 P x�Nþ2. Hence, from (A3)

b 6
Z x�Nþ1

y¼0
FNþ2ðyÞdy�

Z x�Nþ1

y¼0
FNþ1ðyÞdy

¼
Z x�Nþ1

y¼0
ðFNþ2ðyÞ � FNþ1ðyÞÞdy: ðA5Þ

This, together with (A4), contradicts (A1). h

Proof of Proposition 1

(a) From (5) it follows that bN ¼
R x�N

y¼0 FNðyÞdy ¼R x�N
y¼0 ð1� GNðyÞÞdy; and, in particular, b ¼

R x�1
y¼0 F1ðyÞdy ¼R x�1

y¼0 ð1� GðyÞÞdy. Therefore,

N
Z x�1

y¼0
ð1� GðyÞÞdy ¼

Z x�N

y¼0
ð1� GNðyÞÞdy:
Note that

1� GNðyÞ ¼ ½1þ GðyÞ þ � � � þ GN�1ðyÞ�ð1� GðyÞÞ 6 Nð1� GðyÞÞ;

to obtainZ x�1

y¼0
ð1� GNðyÞÞdy 6

Z x�N

y¼0
ð1� GNðyÞÞdy:

Thus, x�1 6 x�N .
(b) From (5) it follows that a ¼

R x�N
y¼0 FNðyÞdy ¼R x�N

y¼0 ð1� GNðyÞÞdy; and, similarly, a ¼
R x�Nþ1

y¼0 FNþ1ðyÞdy ¼R x�Nþ1
y¼0 ð1� GNþ1ðyÞÞdy. Therefore,Z x�N

y¼0
ð1� GNðyÞÞdy ¼

Z x�Nþ1

y¼0
ð1� GNþ1ðyÞÞdy P

Z x�Nþ1

y¼0
ð1� GNðyÞÞdy:

Thus, x�Nþ1 6 x�N .
A.1. The expressions of LN(x) for the exponential and uniform
distributions

For exponential observation we have:Z x

0
y2fNðyÞdy ¼ 2

ðkNÞ2
� e�kNx x2 þ 2x

kN
þ 2

ðkNÞ2

 !
:

Thus

LNðxÞ ¼
ðaþ bNÞ½2VNðxÞ � ðaþ bNÞ� � xðxþ 2=kNÞe�kNx

1� e�kNx
þ 2

ðkNÞ2
:

For uniform observation we have:

E½ðYNÞ2 �1ðYN6xÞ�¼
Z x

0
y2fNðyÞdy¼

R x
0 y2Nð1�yÞN�1 dy; 06x<1;R 1
0 y2Nð1�yÞN�1 dy; 16x<1:

(

Thus, after integration:

LNðxÞ ¼
ðaþbNÞð2VNðxÞ�ðaþbNÞÞ

FNðxÞ
þ 2�ð1�xÞNðN2x2þNðxþ2Þxþ2Þ

ðNþ1ÞðNþ2ÞFN ðxÞ
; 0 6 x < 1

ðaþ bNÞð2VNðxÞ � ðaþ bNÞÞ þ 2
ðNþ1ÞðNþ2Þ ; 1 6 x <1

8<:
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A.2. A finite horizon model

Notation is similar to that in the paper with the exception that
Nk and Vk are the sample size and expected cost, respectively, as
there are k periods (iterations) remaining.

One period remaining (k = 1). Conducting only one search cycle,
the customer will pay a + bN1 for the search and YN1 (the minimum
of N1 quotes) for the commodity. The only decision variable is the
sample size. The expected cost is: V1(N1) = a + bN1 + E(YN1).

Note that E(YN1) decreases in N1. A search over N1 (or analytical
method, at times) leads to optimal values: N�1 and V�1.

Two periods remaining (k = 2). Note that after obtaining N2

quotes (a decision variable) the customer follows the rule: If
YN2 6 V�1 she stops. Otherwise, i.e., if YN2 > V�1 she will take an
additional sample of N�1 quotes. Thus, again, the only decision var-
iable is N2, and the expected cost is: V2ðN2Þ ¼ aþ bN2þ
E½1ðYN2 6 V�1ÞYN2 þ 1ðYN2 > V�1ÞV

�
1�. Now minimize over N2 to ob-

tain V�2 and N�2. Observe that V�2 6 V�1, because

V �
2 ¼ minN2fV2ðN2Þg ¼minN2faþ bN2 þ E½1ðYN2

6 V�1ÞYN2 þ 1ðYN2 > V�1ÞV
�
1�g 6minN2faþ bN2 þ E½1ðYN2

6 V�1ÞYN2 þ 1ðYN2 > V�1ÞYN2�g ¼minN2faþ bN2 þ E½YN2�g ¼ V�1:

Similarly, using induction, Vk decreases in k, which is intuitive. In
particular, the infinite horizon problem gives a better result than
the finite horizon problem. Also note that the finite-horizon prob-
lem is considerably simpler in that there is only one decision
variable.
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