
THE EXISTENCE OF SYNCHRONIZING WORD AND
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Abstract

The word of transition semigroup of an automaton is called synchronizing (recurrent,
reset) if the word sent all states of the automaton on a unique state. We prove that the exis-
tence of sink state in the transition graph of deterministic complete automata is equivalent
to existence of synchronizing word for automata accepting star-free languages, for locally
testable, locally threshold testable and piecewise testable automata. An upper bound on the
length of shortest synchronizing word is found for all considered automata. Some important
properties of locally threshold testable automata are established.
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Introduction

We consider a finite deterministic automaton with complete state transition graph Γ and tran-
sition semigroup S over language Σ. The problem of existence of synchronizing word for the
transition graph of a deterministic complete automaton is natural and some aspects of this prob-
lem were touched upon in literature [1], [26]. For some important classes of automata, we shall
prove that the existence of synchronizing word in S is equivalent to the existence of sink state
in Γ.

Another important problem with a long story is the estimation of the shortest length of
synchronizing word. Most known as a Černy conjecture, it was aroused independently by distinct
authors. Jan Černy had conjectured in 1964 [6] that the existence of some synchronizing word
in S implies existence such a word of length not greater than (n− 1)2, where n is the number of
states of the automaton. He had proved that there exists an automaton such that the estimation
(n− 1)2 gives us the precise lower bound on the length of his synchronizing word.

The upper bound was presented in his paper too, but it was not very exact and even not
polynomial: 2n − n− 1.

The first polynomial estimation was found by Starke in 1966 [34]: n3

2 −
3
2n

2 + n+ 1.

Similar estimation was published by Kohavi in 1970 [17]: n(n−1)2
2 .
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The following result is due to Kfoury [16], 1970: n3

3 − n
2 − n

3 + 6.

Černy, Piricka and Rozenauerova [7] obtain in 1971 the estimation: n3

3 + n2 + 25n
6 − 4.

Pin [23] improved in 1978 the value to 7n3

27 −
17
18n

2 + 17
6 n− 3.

Kohavi and Winograd [18] have make an effort to reduce the estimation to n3−n
6 , but the proof

was not acceptable. Nevertheless, the result is true. The proof follows from Frankl paper [11]
and also was found by Kljachko, Rystsov and Spivak [19]. Now it is the best-known estimation,
but the gap between the estimation and the Černy conjecture remains.

The investigation was more successful in some private cases. Pin proved the Černy conjecture
for an automaton in which a letter induces a circular permutation and n is prime [24]. Rystsov
had generalize this result and proved the Černy conjecture for some other cases [27], [28], [29],
[30], [31]. Dubuc [8] proved the conjecture for biased circular automata, Kari [14] - for Eulerian
graphs. We refer to [21], [9], [26] for some connections and generalizations.

Pin [24] generalized the conjecture of Černy replacing one sink state by k states and the
minimal length (n− 1)2 by (n− k)2. A counter example to this conjecture was found by J. Kari
[13]. See also [12].

We shall consider the problem of the existence and of the length of synchronizing word in
the class of automata that accept star-free languages and some his subclasses, such that lo-
cally testable, locally threshold testable, strictly, strongly locally testable and piecewise testable
automata.

Star-free languages can be built from the letters using the operation of union, complemen-
tation and concatenation a finite number of times [20]. Schŭtzenberger [32] gave a syntactic
characterization of star-free languages: the syntactic monoid of star-free language is finite and
has only trivial subgroups.

Star-free languages play an important role in the finite automata theory. Most known sub-
classes of star-free languages are locally testable and piecewise testable languages.

Piecewise testable languages are the finite boolean combinations of the languages of the form
Σ∗σ1Σ

∗σ2...Σ
∗σnΣ∗ for some σi from alphabet Σ and Σ∗ is a free monoid over Σ Simon [33].

The concept of local testability was introduced by McNaughton and Papert [22] and by Br-
zozowski and Simon [4]. The locally threshold testable languages were introduced by Beauquier
and Pin [2].

A locally threshold testable language L is a language with the property that for some non-
negative integer k, whether or not a word u in the language L depends on (1) the prefix and
suffix of the word u of length k − 1 and (2) the set of intermediate substrings of length k of
the word u where the number of substrings occurring j times must be the same, for j < l. For
given k and l the language is called l-threshold k-testable. Local testability can be considered
as a special case of local l-threshold testability for l = 1. Locally testable automata and their
generalizations have a wide spectrum of applications [3], [10].

In this note, we prove that for finite deterministic complete automaton with sink node that
accepts star-free language there exists a synchronizing word of length less than n2 lnn where n is
the number of nodes. In case of locally threshold testable, locally testable, strictly and strongly
locally testable, piecewise testable deterministic complete automata with sink node there exists
a synchronizing word of linear length and so the Černy conjecture holds.
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Notation and definition

|A| - the number of elements of the set A.
|s| - the length of the word s in alphabet Σ.
If the edge p→ q is labelled by σ then let us denote the node q as pσ.
The state transition graph Γ of a finite automaton with set of nodes Q is called complete if

for every node p ∈ Q and every σ ∈ Σ we have pσ ∈ Q.
Let Ps denote the mapping of the set of nodes P by help of the element s ∈ Σ+ (∈ S).
A word s ∈ Σ+ (∈ S) will be called synchronizing word if |Qs| = 1.
A maximal strongly connected component of the graph will be denoted for brevity as SCC,

a finite deterministic automaton will be denoted as DFA. A node from an SCC will be called
for brevity as an SCC− node.

The graph with trivial SCC is called acyclic.
We shall write p � q if there exists a path from the node p to the node p or p = q.
In the case p � q and q � p we write p ∼ q (that is p and q belong to one SCC or p = q).
The node q is called sink node if for all nodes p holds p � q.
Let dist (P) denote the minimum of length of path from node p to node q for any pair of

nodes p,q from the subset of nodes P.
Let k be a positive integer. Let ik(w) [tk(w)] denote the prefix [suffix] of word w of length k

or w if |w| < k. Let Fk,j(w) denote the set of factors of w of length k with at least j occurrences.
A language L is called l-threshold k-testable if there is an alphabet Σ such that for all u, v ∈ Σ+,
if ik−1(u) = ik−1(v), tk−1(u) = tk−1(v) and Fk,j(u) = Fk,j(v) for all j ≤ l, then either both u
and v are in L or neither is in L.

A language A is locally threshold testable if it is l-threshold k-testable for some k and l. For
l = 1, locally threshold testable language is called locally testable.

In the definition of the strictly locally testable language l = 1, prefix and suffix have the
length k and for the strongly locally testable language prefix and suffix are not considered and
l = 1 too.

An automaton is locally threshold testable if the automaton accepts a locally threshold
testable language.

A language L is piecewise testable if L belongs to the finite boolean combinations of the
languages of the form Σ∗σ1Σ

∗σ2...Σ
∗σnΣ∗ for some σi ∈ Σ.

A semigroup without non-trivial subgroups is called aperiodic.

1 The automaton of star-free language

The syntactic semigroup of star-free language is finite and aperiodic (Schŭtzenberger, [32]), so
its subgroups are trivial and the semigroup satisfies identity xn = xn+1 for some suitable n.
For any node p of transition graph of star-free language the equality psk = psk+m implies
psk = psk+1.

Lemma 1.1 Suppose that the transition semigroup S of a complete DFA with strongly con-
nected transition graph is aperiodic. Then, for every subset P from set of nodes Q of the automa-
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ton such that |P| > 1 there exists a word s from S of length not greater than (|Q|−|P|+1)dist(P)
such that |P| > |Ps|.

Proof. By the definition of dist(P), there exists a node p of P and a word u of length not
greater than dist(P) such that pu ∈ P, but distinct from p. In the sequence p, pu,..., pui, ...
consider the two last nodes in P, say r and rum.

In the sequence ru,..., rui, ... all elements but one are in Q \ P. Therefore the number
of distinct nodes in the sequence ru, ru2,... is not greater than l = |Q| − |P| + 1. Since S is
aperiodic, rul = ru1+l. This implies rul = rum+l. Consequently, the nodes r and rum from P are
synchronized by the word ul and |P| > |Pul| where |ul| is not greater than (|Q|−|P|+1)dist(P).
So we can suppose s = ul. 2

Lemma 1.2 Suppose that the transition semigroup S of a complete DFA with strongly con-
nected transition graph is aperiodic. Then, for every subset P from set of nodes Q of the automa-
ton such that |P| > 1 there exists a word s from S of length not greater than l = (|Q|−|P|+2) |Q||P|
such that |P| > |Ps|.

Proof. In case |Q| < 2|P| we have either |P| > |Ps| or dist(P) = 1. If dist(P) = 1 then by
Lemma 1.1, for some word s from S of length not greater than

(|Q| − |P|+ 1)dist(P) = (|Q| − |P|+ 1)| < (|Q| − |P|+ 2) |Q||P|
we have |P| > |Ps|.
So we can assume below that |Q \P| ≥ |P| > 1, whence |Q| ≥ 4 and |Q| − |P|+ 1 ≥ 3.
Let s be a word of length l and let si be a left subword of s of length i and suppose that s0

is an empty word. Let d be a minimal integer such that d > |Q|
|P| . So 3 ≤ d ≤ |Q||P| + 1 For every

p ∈ P and word s let us form a set of nodes s(p) in the following way: we include in s(p) first
d distinct nodes from the sequence ps0, ps1,..., psi, ..., ps. So |s(p)| ≤ d.

Let us suppose that some sequences s(p) and s(q) have non-empty intersection and suppose
that psi = qsj for psi ∈ s(p) and qsj ∈ s(q). Without loss of generality, we can assume that
j ≥ i and i is a minimal such integer for considered word s.

In case i = j we have |P| > |Psi| where |si| = i ≤ l and lemma holds.
So we can assume that i < j, psj 6= qsj for all j ≤ l and all p,q ∈ P. Therefore |P| = |Psj |

for all j ≤ l. Let us denote the number of distinct nodes from s(p) in the sequence ps0, ps1,...,
psi by k. Let us notice that k > 0. Because of choice s(p), k ≤ d. The sequence s(q) contains
at most d distinct nodes.

Let us consider pairs of nodes such that the first component of the pair belongs to s(q)
and second component of the pair belongs to the considered begin of k nodes of s(p) from the
sequence ps0, ps1,..., psi. The number of these pairs is kd and therefore we can consider a word
si of length not greater than kd− 1.

There exists a word u of length not greater than d − k such that siu = sj and psi =
qsiu = qsj . The nodes psi and qsi belong to Psi. Let us consider the sequence psiu

n (n =
1, 2...). Suppose that the nodes r and rut are the last nodes of the sequence that belong to
Psi. Remember that |P| = |Psi|. Therefore the number of distinct nodes in the sequence ru,
ru2,... is not greater than |Q| − |P|+ 1. For some integer m where m ≤ |Q| − |P|+ 1 we have
rum = rum+t. Thus |P| > |Psium|.
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Let us estimate the length of the word siu
m. We have si ≤ kd − 1, k > 0, u ≤ d − k and

m ≤ |Q|− |P|+1. So |sium| ≤ |si|+ |u|m and |sium| ≤ dk−1+(d−k)(|Q|− |P|+1). Therefore

|sium| ≤ (d− 1)(k− 1) + (d− 1)(|Q| − |P|+ 2)− (k− 1)(|Q| − |P|) < |Q|
|P| (|Q| − |P|+ 2)− (k−

1)(|Q| − |P| − |Q||P| ) = |Q|
|P| (|Q| − |P| + 2) − (k − 1)(( |Q||P| − 1)(|P| − 1) − 1). Because of k > 0,

|Q|
|P| > 1, |P| > 1 we have |sium| < (|Q| − |P|+ 2) |Q||P| = l.

Therefore in case of non-empty intersection of two sequences the assertion of lemma holds.
Let us now suppose that for every two distinct nodes p,q ∈ P and any word s from S of

length not greater than l holds s(p) ∩ s(q) = ∅. In view of Lemma 1.1 we can suppose that
|Q|
|P| < dist(P).

For every word s of length |P|d in view of |Q|−|P| ≥ |P| we have |s| ≤ l. For any node q ∈ Q
there exists a way of length d with begin in q without repetition. Let us denote the corresponding
word of the way by w(q). We have |w(q)| = d. Let us enumerate the nodes of P and let us form
a word s of length |P|d in the following way: sd = w(p1), sid = s(i−1)dw(pis(i−1)d). Therefore
|s(pi)| = d for any pi ∈ P. We have obtain for the set P not less than d|P| distinct nodes. From

d > |Q|
|P| we have d|P| > |Q|. Contradiction. 2

Theorem 1.3 Strongly connected complete automaton with n nodes that accepts star-free lan-
guage has synchronizing word of length not greater than n2 lnn.

Proof. Let Q be the set of nodes of the automaton, and let P be the subset of Q such that
|P| > 1. The case |Q| ≤ 3 is obvious. Therefore let us suppose that n = |Q| ≥ 4. By Lemma
1.2, there are two distinct nodes p,q ∈ P such that for some word s of length not greater than
(n− |P|+ 2) n

|P| holds |P| > |Ps|.
Hence we can obtain a synchronizing word of length not greater than∑

[| n
|P|

](n− |P|+ 2)

where the order of P is growing from 2 to n.

We have
n∑
2

[ n
|P|(n − |P| + 1) ≤ (n2 + n)

n∑
2

1
|P| − n(n − 1) < (n2 + n)

n∫
1
|d|P|P| − (n2 − n) =

(n2 + n) lnn− (n2 − n) < n2 lnn. So the sum is less than n2 lnn.
2

Let us go to the general case.

Theorem 1.4 Let A be a complete automaton with n nodes that accepts star-free language.
Then the existence of sink node in A is equivalent to the existence of synchronizing word of
length not greater than n2 lnn.

Proof. It is clear, that the existence of synchronizing word implies the existence of sink node.
So let us consider a DFA with at less one sink node. The set of all SCC and all nodes that

do not belong to any SCC in state transition graph of DFA is well ordered. We have either only
one sink node or SCC of sink nodes. In the case of one sink node there exists a synchronizing
word of length not greater than (n− 1)2.
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In the case of sink SCC let k be the size of this SCC. Then a word of length not greater
than (n− k)2 maps all nodes of the graph on this SCC. There exists a synchronizing word for
considered SCC of length not greater than k2 ln k (Theorem 1.3). So we have a synchronizing
word of length not greater than k2 ln k + (n− k)2 ≤ n2 lnn.

2 Local testability and generalizations, piecewise testability

Let us present the description of locally threshold testable DFA (Beauquier and Pin [2]) in the
following form:

Theorem 2.1 [2] A language L is locally threshold testable if and only if the syntactic semi-
group S of L is aperiodic and for any two idempotents e, f and elements a, u, b of S we have
eafuebf=ebfueaf

The following lemmas describe important properties of transition graph of considered au-
tomata.

Lemma 2.2 Let the node (p,q) be an SCC-node of Γ×Γ of a locally threshold testable (locally
testable, strictly locally testable, strongly locally testable) DFA with state transition graph Γ and
suppose that p ∼ q.

Then p = q.

Proof. Let us begin from the local threshold testability. The transition semigroup S of a locally
threshold testable automaton is finite and aperiodic [32]. Let the node (p,q) be an SCC-node
of Γ × Γ. For some element e ∈ S, we have qe = q and pe = p. In view of qei = q, pei = p
and finiteness of S we can assume e is an idempotent. The states q and p belong to some SCC
from Γ and for some a, b from S we have pa = q and qb = p. Hence, peae = q, qebe = p.
So peaebe = p = p(eaebe)i for any integer i. There exists a natural number n such that in
the aperiodic semigroup S we have (eae)n = (eae)n+1. From theorem 2.1 it follows that for
the idempotent e, eaeebe = ebeeae. We have p = peaebe = p(eaeebe)n = p(eae)n(ebe)n =
p(eae)n+1(ebe)n = p(eae)n(ebe)neae = peae = q. So p = q. The proof for local threshold
testability is finished.

The local testability is a private case of local threshold testability for l = 1, strictly locally
testable [35] and strongly locally testable [5] DFA are locally testable. 2

Let us consider a synchronizing word in the case of SCC.

Lemma 2.3 Let C be an SCC of the state transition graph Γ of a locally threshold testable
(locally testable, strictly locally testable, strongly locally testable) DFA with transition semigroup
S and suppose that |C| = k.

Then |Csk−1 ∩C| ≤ 1 for any s ∈ S.

Proof. The transition semigroup S of the automaton is finite and aperiodic [32], [32]. There-
fore if psi 6= psi+1 then the nodes psj are distinct for all j ≤ i + 1. Let us consider arbitrary
nodes p,q from SCC C such that psk−1 and qsk−1 belong to C. Therefore psi and qsi ∈ C
for any i < k.

Suppose psk−1 and qsk−1 are distinct.
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In case psk−1 = psk−2 and qsk−1 = qsk−2 both these nodes have common right unit s.
Some power of s is an idempotent and also common right unit of qsk−1 and psk−1. Therefore
qsk−1 = psk−1 by Lemma 2.2 in spite of our assumption.

Now we can suppose that at least one of the considered equalities does not hold. Suppose
that psk−1 6= psk−2. Then all nodes psi for 0 ≤ i < k are distinct and belong to C. Therefore
any node from C in view of |C| = k can be presented in the form psi. Hence qsk−1 = psi for
some i < k too. The node psk−1 belongs to C. psk−1 = psisk−i = qsk−1sk−i = qsk+k−i−1. Let
us note that k − i ≥ 0. Therefore qsk belongs to C. In view of |C| = k we have qsk−1 = qsk,
whence psi = psi+1 where i < k − 1. The last equality contradicts our assumption that any
node from C can be presented in the form psi. 2

Theorem 2.4 The existence of sink node is equivalent to the existence of synchronizing word
for complete locally testable, strictly locally testable, strongly locally testable and locally threshold
testable automata.

The upper bound on the length of synchronizing word of minimal length for such automaton
with n nodes is 2n-2.

Proof. The first statement of the theorem is following from the theorem 1.4.
The set of all SCC and all nodes that do not belong to any SCC in DFA with state transition

graph Γ is well ordered. Let C be some SCC in Γ. Then there exists a word u of length not
greater than |C| − 1 such that |Cu∩C| ≤ 1 (Lemma 2.3) and a word of length not greater than
|C| that maps a node from C on some node outside C. So the sink component of considered well
ordered set has a synchronizing word of length less than the size of the component. Therefore
the length of synchronizing word of the automaton is not greater than 2n-2. 2

Let us go to the piecewise testability.

Theorem 2.5 The existence of sink node is equivalent to the existence of synchronizing word
for complete piecewise testable DFA.

The upper bound on the length of synchronizing word for complete piecewise testable DFA
with n nodes is n-1.

Proof. The first statement of the theorem is following from the theorem 1.4.
The state transition graph Γ of the DFA is acyclic [33] and well ordered. Therefore for any

node p either p is a sink node or there exists a word of length 1 that maps p on some other
node of the well-ordered set. Some product of these words is a synchronizing word of length not
greater than n− 1. 2
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Vol.62(Springer, Berlin, 1978) 345-352.

[25] J.-E. Pin, On two combinatorial problems arising from automata theory, Annals of Discrete
Math., 17(1983) 535-548.

[26] R. Poschel,,M.V. Sapir, N. Sauer, V. Stone, M.V. Volkov , Identities in full transformation
semigroups, Alg. Univ., 31(1994) 580-588.

[27] I.K. Rystsov, Almost optimal bound on recurrent word length for regular automata. Cy-
bernetics and System An. 31, 5(1995) 669-674.

[28] I.K. Rystsov, A quadratic bound on the length of the recurrent word in a regular automaton.
Dok. Acad. Nauk Ukr., 9(1992) 5-8.

[29] I.K. Rystsov, The rank of the finite automaton. Cybernetics and System An. 3(1992) 3-10.

[30] I.K. Rystsov, Quasioptimal bound for the length of reset word for regular automata. Acta
Cybernet., 2, 12(1995) 145-152.

[31] I.K. Rystsov, Reset words for commutative and solvable automata. Theoret. Comput. Sci.,
172, 1-2(1997) 273-279.
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