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Abstract. A word w is called synchronizing (recurrent, reset) word of
an automaton if w sends all states of the automaton on a unique state.
A kind of a necessary and su�cient conditions of synchronizeability of
an arbitrary deterministic �nite automaton is found. It is a base for an
implemented quadric algorithm. Some results of known and new imple-
mented algorithms �nding synchronizing word are compared.
(http://www.cs.biu.ac.il/�trakht/Testas.html).
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Introduction

We consider a deterministic �nite automaton (DFA) with complete state tran-
sition graph � and transition semigroup S over alphabet �. The problem of
synchronization of such DFA is natural and various aspects of this problem were
touched upon the literature.
A problem with a long story is the estimation of the minimal length of synchro-
nizing word. Most known as a �Cerny conjecture, it was aroused independently
by distinct authors. Jan �Cerny had found in 1964 [3] n-state complete DFA with
shortest synchronizing word of length (n� 1)2. He had conjectured that it is an
upper bound for the length of the shortest synchronizing word for any n-state
complete DFA. The best known upper bound is now equal to (n3�n)=6 [5], [8],
[10]. For reach and intriguing story of investigation in this area see [10], [11].
Synchronization makes the behavior of an automaton resistant against input
errors since, after detection of an error, a synchronizing word can reset the au-
tomaton back to its original state, as if no error had occurred. Therefore the
problem of the existence of synchronizing word draws the attention [9],[4], [11].
Eppstein had described an algorithm that veri�es whether or not a given DFA
is synchronizing in time O(n2q) where n is the number of states of and q is the
size of its input alphabet. Another algorithm of Eppstein �nds a synchronizing
word for n-state complete DFA in time O(n3 + n2q).
We pay attention to the problem of the existence and of the length of synchro-
nizing word and compare results of some algorithms in this area. A kind of
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necessary and su�cient conditions of synchronizeability of an arbitrary DFA are
found. They are a base for an implemented algorithm. An analogical algorithm
was described by Eppstein [4]. Our modi�cation has the same complexity only
in the most worst case.
Both versions of Eppstein algorithm [4] for �nding synchronizing word were im-
plemented, also we implement an algorithm for �nding synchronizing word based
on the results of [5] and [8] of O(j� j4q) time complexity and straightforward al-
gorithm for �nding synchronizing word of minimal length. The comparison of
the experimental data suggests that the length of the synchronizing word found
by considered algorithms is normally much closer to the length of the shortest
synchronizing word than to the above-mentioned theoretical upper bound.

Preliminaries

Let us consider a deterministic �nite automaton with state transition graph �
and transition semigroup S over alphabet �.
The states of the automaton are considered below as vertices of the transition
graph � .
The number of vertices of the graph � is denoted by j� j.
If there exists a path v 2 �+ from vertex p to vertex q in the transition graph
of DFA then let us denote the vertex q as pv.
We shall write p � q if pv = q for some word v 2 ��.
Let Pv denote the mapping of the graph [automaton] P by help of v 2 �+ and
let us call jPvj rank of the mapping v.
A word v 2 �+ is called synchronizing word of an automaton A with transition
graph � if j�vj = 1. An automaton (and its transition graph) possessing a
synchronizing word is called synchronizing.
A state [a vertex] q is called sink state of an automaton [of a graph] if p � q for
all p.
An automaton [a graph � ] is called complete if for every state p and every � 2 �
the state p� exists.
The direct product � 2 of two copies of graph � over an alphabet � consists of
vertices (p;q) and edges (p;q)! (p�;q�) labelled by �. Here p;q 2 � , � 2 �.

1 The graph � 2

Let us begin from some general lemmas.

Lemma 11 The sets of synchronizing words of the graphs � and � 2 coincide.

Proof. Let s be a synchronizing word of the graph � . Then for every vertex p
and �xed vertex q from � holds ps = q. Therefore for every vertex (p; r) from
� 2 holds (p; r)s = (q;q). Thus s is a synchronizing word of the graph � 2.
Now let t be a synchronizing word of the graph � 2. Then for every vertex (p; r)
and �xed vertex (q;v) from � 2 holds (p; r)t = (q;v). Therefore pt = q for



arbitrary p from � and rt = v for arbitrary r from � . Consequently, t is a
synchronizing word of the graph � and in particular v = q.

Lemma 12 The directed labelled graph � is synchronizing. if and only if � 2 has
sink state.

Proof. Let s be synchronizing word of the graph � . Then � 2s is a sink state of
� 2.
Conversely, the coordinates of sink state of � 2 obviously are equal and let (t; t)
be a sink state. For any vertex (p;q) from � 2 there exists a word s such that
(p;q)s = (t; t). We have ps = qs = t for any pair of vertices p;q from � .
Some product of such words s for distinct pairs of vertices from � presents
synchronizing word of the graph � .

2 Necessary and su�cient conditions of synchronizeability

Eppstein gave a quadric algorithm for verifying synchronizeability based on the
consideration of pairs of the states. An analogical algorithm may be based on
the theorem 12 considering the graph � 2. The aim of this section is to reduce
the consideration to some homomorphic image of some subgraph of � 2.

Theorem 21 Let � be transition graph of deterministic �nite automaton. The
following three conditions are equivalent:

{ The graph � is synchronizing.
{ � 2 has sink state.
{ There exists a path from any vertex of � 2 to some vertex with equal coordi-

nates.

Proof. The equivalence of 1) and 2) was proved in the lemma 12.
2) to 3) Obviously that the coordinates of sink state of � 2 are equal and let (t; t)
be the sink state. For any vertex (p;q) from � 2 there exists a word s such that
(p;q)s = (t; t). So the path from any vertex of � 2 to some vertex with equal
coordinates exists. We have ps = qs = t for any pair of vertices p;q from � .
Therefore t is a sink state of � .
3) to 1) A path from any vertex (p;q) of � 2 to vertex with equal coordinates
exists and therefore for some appropriate word s holds ps = qs. Some product
of such words s for distinct pairs of vertices from � presents synchronizing word
of the graph � because for any non-trivial subgraph �b of � and for some word
s one has j�bsj < j�bj.

Proposition 22 Let � 20 be the maximal subgraph of the graph � 2 such that both
coordinates of the vertices from � 20 are sink states of � . Then � 20 is synchronizing
if and only if � 2 is synchronizing.



Proof. A synchronizing word of � 2 maps any subgraph of � 2 on a sink vertex
from � 20 and therefore synchronizes also � 20 .
Conversely, for any p from � there exists a word s such that ps is a sink state
and for any word w psw is also sink state. Therefore for any vertex (p;q) there
exists a word u such that pu and qu are sink states. So (pu;qu) 2 � 20 . Hence
the existence of synchronizing word in � 20 implies the existence of synchronizing
word in � 2.

Let us enumerate all vertices from the graph � and let us denote the number of
the vertex p as n(p). Let us form from the graph � 20 a new graph � 21 with the
same set of vertices. Every edge (p;q) ! (r; t) from � 20 such that n(p) > n(q)
and n(r) < n(t) we replace by edge (p;q)! (t; r). Then we remove all vertices
(p;q) such that n(p) < n(q). The duality of �rst and second coordinates of a
vertex from � 20 enables this operation. Any dual pair of vertices is replaced by
one vertex.
Lemma 23 � 21 is deterministic. For arbitrary vertices (t; t) and (p;q) (n(p) >
n(q)) and arbitrary word s the equality (p;q)s = (t; t) holds simultaneously in
both graphs � 21 and � 20 .
Proof. � 21 is deterministic because we change only the end of an edge in the
deterministic graph � 2 and exclude some vertices.
The path s in the graph � 20 is a chain of subsequences of vertices (p1;q1),
..., (pk;qk) such that n(p)i > n(q)i for i = 1; :::; k (or n(p)i < n(q)i for
i = 1; :::;m). The maximal size subsequences with this property in the chain
alternate: a sequence of vertices with minor �rst coordinate follows a sequence
of vertices with minor second coordinate. The edges between the vertices of any
such subsequence are not changed in the process of creating � 21 . Only di�erent
subsequences are connected by new edges of � 21 . The path in � 21 can be obtained
from any path from � 20 by changing the order of coordinates in all even subse-
quences of the chain. We obtain thus a path de�ned by the same word s with
the same beginning and end. The path in � 20 can be obtained from a path of
� 21 by inverse operation: we change the order of coordinates in all even (or odd)
subsequences between new edges. So we obtain a path de�ned by the same word
s with the same beginning and end in this case too.

Suppose the graph � has a sink state. Let us denote it by 0. Let us form
from the graph � 21 a new graph � 22 . We replace any edge (p;q)! (t; t) by the
edge (p;q)! (0;0) and remove all vertices (t; t) such that t 6= 0.
Lemma 24 Let the graph � have a sink state. Then � 22 is deterministic and
both graphs � 21 and � 22 have a synchronizing word only simultaneously.
Proof. � 21 is deterministic (Lemma 23). Therefore � 22 is also deterministic be-
cause we change only the ends of some edges.
Any synchronizing word of � 21 maps the graph on some vertex (t; t). The same
word maps � 22 on the vertex (0;0) and thus � 22 is synchronizing.
Conversely, a synchronizing word of � 22 maps any vertex from the graph � 21



on some vertex (t; t). The vertex 0 is a sink state of � . Therefore we have
(t; t) � (0;0). So (0;0) is a sink state of � 21 . By the theorem 21, � has a
synchronizing word. It is synchronizing word of � 21 too.

Theorem 25 Let a deterministic �nite labelled graph � have a sink state. Then
the graph � has a synchronizing word if and only if � 22 has a sink state.

Proof follows from lemmas 23, 24, proposition 22 and theorem 21.

2.1 Algorithms

The algorithm for testing synchronizing automata is based on the theorems 25
and 21. Let q be the size of the alphabet of labels. First let us �nd the set of
sink states of � . If there are no sink states then the graph has no synchronizing
word. Exactly one sink state implies synchronizeability and the algorithm stops.
We can suppose now that there exists no less than two sink states and build
graph �0 of sink states of � . The next step is the creation of the reverse of �0.
The time and space of this steps is linear.
Then let us mark all ancestors of sink state (0;0) in � 22 using the reverse graph
of �0.

Proposition 26 The graph � is synchronizing if and only if any vertex of � 22
will be marked.

Let s be the number of the sink states of � . The time complexity of the algorithm
is O(max(j� jq; s2q)) with O(max(j� j; s2)) space complexity. The algorithm is
valid for both complete and non-complete graphs and is implemented in the
package TESTAS.
Together with given algorithm, the package contains algorithms of Eppstein
[4] for �nding synchronizing word of O(j� j3q) time complexity, an algorithm
for �nding synchronizing word based on the results of [5] and [8] of O(j� j4q)
time complexity and straightforward algorithm for �nding synchronizing word
of minimal length. The last one is not polynomial and can be used mostly when
some small upper bound of the minimal length of synchronizing word is known.
Note that the �nding synchronizing word of minimal length is NP-hard [11], [1].
All considered algorithms use di�erent approaches to the the search of the reset
word. The algorithm based on [8] and [5] founds a mapping that contains a pair of
states that does not belong to the former mappings (O(j� j4q) time complexity).
The greedy algorithm of Eppstein founds a pair of states with a most short reset
word and maps the automaton by help of this word. His cycle algorithm does
the same, but one state in the pair (the result of merger of former pair) is �xed.
The time complexity of Eppstein algorithms is O(j� j3q). The minimal length
of the synchronizing word is found by a straitforward search of non-polynomial
time complexity.



3 Experiments and comparisons

Let us consider the synchronization algorithms from the package TESTAS on
some known objects from the literature. The n-state automata supposed by
�Cerny will be denoted by C< n >. Here is an example of C28 over an alphabet
of letters a, b.
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We shall consider also an automaton presented by Kari [6] and one of exam-
ples from Ananichev and Volkov paper [2].
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Then we consider a modi�cation [12] of a graph KMM supposed by Kim, Mc-
Naughton, McCloskey [7].
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Complete closure KMML of this graph is obtained from KMM by adding loops
in all necessary cases.
The following table presents the name of the automaton, the number of its states,
the size of the syntactic semigroup, the length of synchronizing word found by
algorithm based on [8] and [5], by the Eppstein cycle algorithm, by the Eppstein
greedy algorithm [4], the minimal length of the synchronizing word and the cor-
responding number of mappings of the set of states. The mappings with equal
set of images are uni�ed, therefore the size of the corresponding semigroup is
essentially greater than the number of mappings.



name AV Kari C6 C10 C17 KMM KMML C28 C151
graph size 5 6 6 10 17 28 28 28 151

semigroup size 1015 17265 2742 > 9 � 105 - 22126 > 2 � 105 - -
reset word length 9 26 27 97 375 4 31 1086 57190
cycle algorithm 9 27 25 81 256 4 41 729 22500
greedy algorithm 9 26 27 97 375 4 51 1202 57190
minimal length 9 25 25 81 256 4 27 729 22250

mappings 19 46 56 1012 131053 12 41035 - -
Equality of the length of minimal synchronizing word and of synchronizing word
found by the Eppstein algorithm holds in some cases, in particular, even for such
extreme objects as �Cerny automata. Moreover, we obtain not infrequently the
same synchronizing words. The transition semigroup of the �Cerny automaton
has a nilpotent element of order n � 1, and the minimal synchronizing word of
the automaton is a subword of a power of this element.
One can compare the results of the algorithms. Let us notice by the way that the
obtained lengths of the synchronizing words are far from the known theoretical
upper bound (n3�n)=6 [8]. Moreover, the minimum of the length of reset word
found by polynomial time algorithms is greater than �Cerny conjecture (n� 1)2
only in one case. As for shortest length of the synchronizing word, the results
of these algorithms are ambiguous. For each of these algorithms there exists an
automaton such that the result of the algorithm is the best.
Finding of the minimal length of the synchronizing word is really non-polynomial
in general in the size of graph. It is clear for the �Cerny automata. The number of
mappings is very nearly to the number of all subset of n-element set. The time
of action of this algorithm on ordinary PC is too great for C < n > beginning
with 20, therefore the number of mappings in the last columns is absent. Never-
theless, there are also examples of opposite nature.
As for the size of the syntactic semigroups from the table, the most discouraging
example gives us the Kari automaton. The size of the syntactic semigroup of the
�Cerny automaton is very great too, it is about O(22n).
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