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Abstract
Let S be a semigroup of words over an alphabet �. Suppose that

every two words u and v over � are equal in S if (1) the sets of subwords
of length k of the words u and v coincide and are non-empty, (2) the
pre�x (su�x) of u of length k�1 is equal to the pre�x (su�x) of v. Then
S is called k-testable. A semigroup is locally testable if it is k-testable
for some k > 0.

We present a �nite basis of identities of the variety of k-testable
semigroups. The structure of k-testable semigroup is studied. Necessary
and su�cient conditions for local testability will be given. A solution
to one problem from the survey of Shevrin and Sukhanov (1985) will be
presented.

Key words: variety of semigroups, local testability, basic rank, �nite semi-
group
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The concept of local testability was �rst introduced by McNaughton and
Papert [7] and since then has been extensively investigated from di�erent
points of view (see [1]-[3], [7]-[11],[13],[14]). This concept is connected with
languages, �nite automata and semigroups. A purely algebraic approach has
proven to be fruitful (see [8], [11], [13], [14]) and below we proceed in this way.

There are two di�erent de�nitions of k-testability (see [2]). Our consid-
eration is based on the de�nition involved in [1]. We show that k-testable
semigroups form a variety and present a �nite basis of identities of this va-
riety. The corresponding results from [7], [13], [14] for another de�nition are
used. Note that the di�erence between the bases in both cases is minimal.
One can �nd an implicit form of identities of the basis in [3].

We exhibit a 5-element completely 0-simple semigroup that generates the
variety of 2-testable semigroups. It will be proved that any k-testable semi-
group is a (k � 1)-nilpotent extension of some 2-testable semigroup. Both of
these results clarify the structure of locally testable semigroups.

Necessary and su�cient conditions for local testabilty are presented.
The following question is raised in [10]: Does there exist a �nite semigroup

from the variety of k-testable semigroups which generates the variety?
A positive answer to this question will be given.

Notation and De�nitions

Let � be an alphabet and let �+ denote the free semigroup on �. If w 2 �+,
let jwj denote the length of w. Let k be a positive integer. Let hk(w)(tk(w))
denote the pre�x (su�x) of w of length k or w if jwj < k. Let Ck(w) denote
the set of factors of w of length k. That is, Ck(w) = fx 2 �+jjxj = k and
w = uxv for some u; v 2 �+g.

A semigroup S is called k-testable if there is an alphabet � and a surjective
morphism � : �+ ! S such that for all u; v 2 �+, u� = v� if hk�1(u) =
hk�1(v); tk�1(u) = tk�1(v) and Ck(u) = Ck(v), then. This de�nition follows
[1] and [2]. In [7] the de�nition di�ers by considering pre�xes and su�xes of
length k.

A semigroup S is locally testable if it is k-testable for some k. For local
testability the two de�nitions mentioned above are equivalent [2].

Let Tk denote the variety of k-testable semigroups.
jSj is the number of elements of the set S.
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Sm denotes the ideal of the semigroup S containing the products of at least
m elements of S.

We say that the elements a, b from the semigroup S belong to one H-class
of S if a and b divide each other in S from the left and the right.

jdj denotes the length of the word d in some alphabet.
[u = v] denotes the variety de�ned by the identity u = v.
F denotes the free semigroup over an alphabet X.
x, y, z, t (sometimes with indices) denote variables from X.
u, v, w, s (sometimes with indices) denote words over X.
u� denotes the class of a completely invariant congruence � on F containing

the element u 2 F .
We say S 2 [u = v] i� identity u = v holds in S.
C(u) denotes the set of letters of the word u.
Cn(u) denotes the set of subwords of length n of the word u.
hn(u) [tn(u)] denotes left [right] subword of the word u of length n.
var S denotes the variety of semigroups generated by a semigroup S.
u � v - the word v is a subword of the word u.
The minimal number of generators of a relatively free semigroup of a variety

is called the basic rank of the variety.
We associate to a word u and a natural number n a graph �n(u) with Cn(u)

as a vertex set, and s1 ! s2 i� s1 = hn(s), s2 = tn(s) for some s from Cn+1(u).
A word u will be called n-indecomposable if the graph �n(u) is strongly

connected.
We consider the following semigroup A2 =< a; bj aba = a; bab = b; a2 =

a; b2 = 0 > It is a 5-element 0-simple semigroup, A2 = fa; b; ab; ba; 0g, only b
is not an idempotent. A basis of identities A2 is the following ([6], [12]):

x2 = x3; xyx = xyxyx; xyxzx = xzxyx (1)
Let us introduce the following identities for a �xed n:

�r : (x1:::xr)m+1x1:::xp = (x1:::xr)m+2x1:::xp (2)
where r 2 f1; :::ng, p = n� 1(mod r);m = (n� p� 1)=r,

� : x1:::xn�1yx1:::xn�1zx1:::xn�1 = x1:::xn�1zx1:::xn�1yx1:::xn�1 (3)

The number of identities �r is equal to n. For r = 1, n � 1, n we obtain the
following identities:

3



�1 : xn = xn+1

�n�1 : (x1:::xn�1)2 = (x1:::xn�1)3
�n : x1:::xn�1yx1:::xn�1 = x1:::xn�1yx1:::xn�1yx1:::xn�1
For instance, a locally testable semigroup S has only trivial subgroups [1]

and so the semigroup S with n elements satis�es identity �1.

1 Results

Proposition 1. [11] Let n = mr + p + 1 wherer > p. Then for eachk such
that kr > n, the word u = (x1:::xr)m+1x1:::xp is the word of minimal length
such that Cn((x1:::xr)k) = Cn(u).

Lemma 1.1 The class of n-testable semigroups Tn forms a variety.

The proof follows analogous to the proof from ([13],[14]).

Let � be the completely invariant congruence determined by the identities
�1; :::�n, �.

The next result follows directly from the de�nitions.

Lemma 1.2 The identities �1; :::; �n; � are n-testable. The identity u = v is
n-testable i� hn�1(u) = hn�1(v), tn�1(u) = tn�1(v), �n(u) = �n(v).

By lemma 1.2 Tn � varF/�

Lemma 1.3 Let a word u be (n � 1)-indecomposable, and suppose that the
variables t1, t2 do not belong to C(u) and are distinct (t1 can be empty). Let
the identity t1vt2 = t1ut2 be n-testable. Then the identity t1vt2 = t1ut2 follows
in F=� from the n-testable identity t1v = t1u.

Proof. The subwords tn�1(u)t2, tn�1(v)t2 can be found only at the end of the
words t1ut2, t1vt2 since they contain t2. Hence in view Cn(t1ut2) = Cn(t1vt2)
the ends of u and v of length n� 1 coincide and tn�1(u) = tn�1(v).

Thus the identity t1v = t1u is n-testable. The identity t1vt2 = t1ut2 is its
consequence in F=�.

Lemma 1.3 and its dual imply
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Corollary 1. Let a word u be (n�1)-indecomposable and the identityt1ut2 =
t1vt2 be n-testable for somet1, t2 such that t1 6= t2 and t1, t2 62 C(u). Then
the identity t1ut2 = t1vt2 follows in F=� from the n-testable identity v = u.

Lemma 1.4 [11] Let a word u be (n � 1)-indecomposable and the identity
u = v be n-testable Then there exists a word w such that vw 2 u�.

Lemma 1.5 [4] Each H-class of a semigroup S from [xn = xn+1] contains
only one element.

Now we can formulate the following result

Theorem 1. A basis for the identities of the varietyTn of n-testable semi-
groups consists of the identities�1; �2; :::�n, �.

Proof. Let us consider an n-testable identity u = v. Let ui be a maximal
(n-1)-indecomposable subword of u. Then �n�1(ui) is a subgraph of �n�1(u),
and �n�1(u) is a chain of �n�1(ui) evidently. Therefore, for all i, the word
v contains subwords vi such that �n�1(ui) = �n�1(vi). Hence the identity
t1uit2 = t1vit2 is n-testable. The letters t1, [t2] may be omitted for i = 1
[i = n] respectively. The identity u = v is a consequence of all identities of
type t1uit2 = t1vit2 in F=�. By Corollary 1, the identity t1uit2 = t1vit2 follows
in F=� from the n-testable identity ui = vi where ui, vi are n-indecomposable.
By Lemma 1.4 and its dual both ui and vi belong to the same H-class of F=�.
It follows from �1 that F=� 2 [xn = xn+1]. By Lemma 1.5 in F=� we have
ui = vi.

Thus, the identities �1; �2; :::�n, � form a basis for the identities of Tn. The
theorem is proved.

For n = 2, we obtain

Corollary 2. A basis of identities of the varietyT2 contains the following
identities.

x2 = x3; xyx = xyxyx; xyxzx = xzxyx

Now the connection between the semigroup A2, 2-testable semigroups and
n-testability may be established in the following theorem.
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Theorem 2. T2 = varA2. Every n-testable semigroup is an (n� 1)-nilpotent
extension of a2-testable semigroup (of a semigroup fromvarA2).

Proof. The equality varA2 = T2 follows from description of identities
A2 (1) and Corollary 2. Sn�1 is an ideal of S. Let us denote X = x1:::xn�1,
Y = y1:::yn�1, Z = z1:::zn�1. The identities of Tn imply the validity of identities
X2 = X3, XYX = XYXYX, XYXZX = XZXYX. So (1) is valid in Sn�1.

Corollary 3. The class of regular testable semigroups coincides with the class
of regular semigroups fromT2 = varA2.

Proof. In view of Theorem 2, it remains to prove that any regular testable
semigroup is 2-testable.

For every x from a regular semigroup S there exists an idempotent e such
that e = xa, xax = ex = x for some a 2 S. Using �n we obtain

xyx = en�2xyen�2x = (en�2xy)2en�2x = xyxyx
Then � implies
xyxzx = en�2xyen�2xzen�2x = en�2xzen�2en�2xyen�2x = xzxyx
Finally, x2 = en�2xen�2x = en�2xen�2xen�2x = x3 in view of �n�1.
Thus, a regular testable semigroup is 2-testable.

Let Bn be a variety of n-testable semigroups in the sense of the de�nition
from [7]. A basis of identities of Bn consists of the identities �1,...,�n, �0 [11],
where

�0 : t1x1:::xn�1yx1:::xn�1zx1:::xn�1t2 = t1x1:::xn�1zx1:::xn�1yx1:::xn�1t2

The only di�erence between the identities of k-testability in the sense of [7]
and [1] is omitting in identity � in the sense of de�nition [1] the �rst and last
letters t from the similar identity �0 in the sense of de�nition [7]. So it implies

Remark. Let Tn be a set ofn-testable semigroups in the sense of [1],Bn be
a set ofn-testable semigroups in the sense of [7]. ThenTn � Bn � Tn+1.

Lemma 1.6 The identities �n, �n�1 of n-testability imply all the identities �r
of (2n� 2)-testability.

Proof. From identity �n it follows that x2n�1 = x3n�1. From identity �n�1
it follows that x2n�2 = x3n�3. This implies that xl = xl+1 for some l.

Let us denoteXi = x1:::xi. We present the identity �r of (2n�2)-testability
in the form Xm+1

r Xp = Xm+2
r Xp, where r > p, 2n� 2 = mr + p+ 1.
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In case m = 2k we have n� 1 = kr + p
2 +

1
2 . So p 6= 0, whence p > p

2 and
n � 1 � kr + p. Thus jXk

rXpj � n � 1. Xr = XpY for suitable Y . Using �n
and xl = xl+1 we obtain

Xm+1
r Xp = Xk

rXpY X
k
rXp = (Xk

rXpY )2Xk
rXp = X3k+2

r Xp = Xm+k+2
r Xp = Xm+2

r Xp

In case m = 2k + 1 we have jXk+1
r j � n� 1. Using �r�1 and xl = xl+1 we

obtain
Xm+1

r Xp = (Xk+1
r )2Xp = (Xk+1

r )3Xp = Xm+2
r Xp

The lemma is proved.

Lemma 1.7 Given a semigroup S, let Sn = Sn�1 2 varA2 for some natural
number n. Then

1) S satis�es the identities �n, �n�1, � for n-testability,
2) S is (2n� 2)-testable.

Proof. Let us denote X = x1:::xn�1, A = a1:::an�1. From Sn = Sn�1 it
follows that A = b1:::b2n�2 for some bi 2 S. Let us denote B1 = b1:::bn�1,
B2 = bn:::b2n�2. So we have A = B1B2.

Using the identity xyx = xyxyx of varA2 for x = b1:::bn�1, y = bn:::b2n�2c
we have AcA = B1(B2c)B1B2 = B1(B2c)2B1B2 = AcAcA

Then AcA = AcAcA. So S satis�es the identity XyX = XyXyX. That is
the identity �k for k-testability, where k � n.

From the identity x2 = x3 of Sn�1 2 varA2 follows that X2 = X3. That is
the identity �k�1 for k-testability where k � n.

Consider now the word AcAdA. We have AcAdA = B1(B2c)B1(B2d)B1B2.
Using the identity xyxzx = xzxyx of Sn�1 2 varA2 for x = B1, y = B2c,
z = B2d we obtain AcAdA = AdAcA. So S satis�es the identity � for k-
testability where k � n.

The second statement of the lemma is derived from the preceding lemma.

Now we can present necessary and su�cient conditions for local testability
in the following form

Theorem 3. A semigroupS is locally testable i� Sm 2 varA2 for somem.

Proof. The necessity was established in Theorem 2. The su�ciency follows
from Lemma 1.7.
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Theorem 4. The basic rank ofTn (n > 1) is not greater thann.

Proof. The statement of the theorem for n = 2 follows from Theorem 2.
So let us suppose that n > 2.

Let D denote the in�nitely generated free semigroup of the variety Tn, and
let Dn denote the free semigroup of Tn with n generators. Suppose that there
exist an identity u = v of the semigroup Dn such that the identity is not valid
in D. Then the identity u = v is not n-testable and at least one of the three
conditions Cn(u) = Cn(v), hn�1(u) = hn�1(v), tn�1(u) = tn�1(v) is not true.

Consider the case Cn(u) 6= Cn(v). (Consideration of the other two cases
is similar and more simple). Without loss of generality let us suppose that a
word w = x1:::xn 2 Cn(u) does not belong to Cn(v). All the variables that do
not belong to w will be denoted by zi.

In case jCn(w)j = n we substitute xi for xi, x2ni x2nn for zi. In case jCn(w)j <
n we substitute xi for xi, z for zi. The identity u = v implies an identity
u0 = v0 of the semigroup Dn in l � n variables. It is not di�cult to see that
w 62 Cn(v0).Since w 2 Cn(u0), the identity u0 = v0 is not n-testable. This holds
for Dn. Therefore it is valid in every n-generated subsemigroup of D. Hence
the identity u0 = v0 is valid in D. But the identity is not n-testable.

This contradiction �nishes the proof.

Notice that T1 is generated by the 2-element semigroup [3], [4].
Theorem 4 and local �niteness of locally testable semigroup ([7], [1]) imply

a positive answer to the following question from [10]
"Does there exist a �nite semigroup from the variety of k-testable semi-

groups which generates the variety?"

Proposition 4. The variety Tn of n-testable semigroups is generated by a
�nite semigroup.
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