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Abstract

A locally threshold testable semigroup S is a semigroup with the property that for some
nonnegative integers k and l, whether or not a words u and v are equal in S depends on (1)
the pre�x and su�x of the words of length k � 1 and (2) the set of intermediate substrings
of length k where the number of occurrences of the substrings (� l) is taken into account.
For given k and l the semigroup is called l-threshold k-testable. We present a �nite basis of
identities of the variety of l-threshold k-testable semigroups.
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Introduction

The concept of local testability was introduced by McNaughton and Papert [17] and by Brzo-
zowski and Simon [6]. The local testability can be considered as a special case of local l-threshold
testability for l = 1. Locally testable languages, automata and semigroups has been investigated
from di�erent points of view (see [5] - [14], [16], [19], [23] - [27]). In [18], local testability was
discussed in terms of "diameter-limited perceptrons". Locally testable languages are a general-
ization of the de�nite and reverse-de�nite languages, which can be found, for example, in [9] and
[21]. Some variations of the concept of local testability (strictly, strongly) obtained by changing
or omitting pre�xes and su�xes in the de�nition of the concept was studied in [5], [7], [17], [19],
[23].

Locally testable automata have a wide spectrum of applications. Regular languages and
picture languages can be described by a strictly locally testable languages [5], [11]. Local au-
tomata (a kind of locally testable automata) are heavily used to construct transducers and
coding schemes adapted to constrained channels [2]. In [10], locally testable languages are used
in the study of DNA and informational macromolecules in biology.
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The syntactic characterization of locally testable semigroups has been given in [17] and
[6]: for any idempotent e in locally testable semigroup S the semigroup eSe is commutative
and idempotent. The set of k-testable semigroups forms a variety [27] generated by a �nite
semigroup [23]. A �nite basis of identities of the variety of k-testable ( l-threshold for l = 1)
semigroups is presented in [24].

The local threshold testability generalizes the concept of local testability. The locally thresh-
old testable languages have been studied extensively in recent years (see [3], [4], [19], [22], [25],
[26]). The set of l-threshold k-testable semigroups forms a variety of semigroups [26]. A locally
threshold testable semigroup has only trivial subgroups [6], [3]. The syntactic characterization
of locally threshold testable language one can �nd in [3]:

Given the syntactic semigroup S of the language L, we form a graph G(S) as follows. The
vertices of G(S) are the idempotents of S, and the edges from e to f are the elements of the
form esf . A language L is locally threshold testable if and only if S is aperiodic and for any
two nodes e, f and three edges p, q, r such that p and q are edges from e to f and r is an edge
from f to e we have

prq=qrp
In this paper, we prove that the variety of l-threshold k-testable semigroups is �nitely based

and present a �nite basis of identities of the variety.

Notation and de�nitions

Let � be an alphabet and let �+ denote the free semigroup on �. If w 2 �+, let jwj denote the
length of w.

Let hk(w) [tk(w)] denote the pre�x [su�x] of w of length k or w if jwj < k.
Let Fk;j(w) denote the set of factors of w of length k with at least j occurrences.
A semigroup S is called l-threshold k-testable if there is an alphabet � [and a surjective

morphism � : �+ ! S] such that for all u, v 2 �+, if hk�1(u) = hk�1(v), tk�1(u) = tk�1(v) and
Fk;j(u) = Fk;j(v) for all j � l, then u� = v�.

An automaton is l-threshold k-testable if the syntactic semigroup of the automaton is
l-threshold k-testable.

A semigroup S is locally threshold testable if it is l-threshold k-testable for some k and
l.

x, y, z, t (sometimes with indices) denote variables from �.
u, v, w, s (sometimes with indices) denote words over �.
u� denotes the class of a completely invariant congruence � on �+ containing the element

u 2 �+.
ocu(w) denotes the number of occurrences of the subword u in the word w.
hn(u) [tn(u)] denotes left [right] subword of the word u of length n.
u � v - the word v is a subword of u.
Let Fk(w) denote the set of subwords of w of length k.
To a word u and integer k we associate a graph �k(u) with Fk(u) as vertex set and suppose

s1 ! s2 if s1 = hk(s), s2 = tk(s) for some s 2 Fk+1(s) (de Bruine graph [8], see [24] as well).
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A word u will be called indecomposable i� every two vertices of the graph �k(u) belong
to an oriented cycle.

The equality u = v is called balanced if for any variable x ocx(u) = ocx(v).
var S denotes the variety of semigroups generated by a semigroup S.
Let us denote Xn = x1:::xn and let Tn be the variety of n-testable semigroups. Finite basis

of identities of the variety Tn is the following [24]:

�r : Xm+1
r Xp = Xm+2

r Xp (1)

where r 2 f1; :::ng, p = n� 1(mod r);m = (n� p� 1)=r,

� : Xn�1yXn�1zXn�1 = Xn�1zXn�1yXn�1 (2)

The number of identities �r is equal to n.

Let us introduce the following identities for �xed k and l:

� : w1X
m+1
r Xpw2 = w1X

m+2
r Xpw2 (3)

where for w = w1X
m+1
r Xpw2 = w(x1; :::xr; y1; :::; ys) we have ocyiw = 1, ocyiyjw = 0,

mr + p = k � 1, r > p and every xi belongs to some subword u of Xm+1
r Xp such that juj = k,

2l � ocu(w) � l.
The identity �r is obtained from identity � in the case l = 1 and empty words w1, w2.

�r : Xm+1
r XpyX

m
r Xp = Xm

r XpyX
m+1
r Xp (4)

where r 2 f1; :::ng, mr + p = k � 1, r > p.

 : tk�1(u)yuzhk�1(u) = tk�1(u)zuyhk�1(u) (5)

� : uzhk�1(u)ytk�1(u) = hk�1(u)ytk�1(u)zu (6)

where 2k � 1 � juj � k � 1, y, z may be empty. The identity � is obtained from identity 
in case juj = k � 1.

� : XiuYjvXius(Yj)vXi = Xius(Yj)vXiuYjvXi (7)

where jYj j = j,jXij = i, js(Yj)j < 2j + 2, h(s(Yj)) = t(s(Yj)) = Yj , i+ j + juj = i+ j + jvj = k.
The identities �r and identities , �, � are balanced.
Let � be the completely invariant congruence on �+ determined by the identities �1; :::�k,

�.
Let � be the completely invariant congruence on �+ determined by the identities �r and all

identities �, , �, �.
Let � be the completely invariant congruence on �+ determined by the variety of l-threshold

k-testable semigroups.
Our aim is to prove that the set of all identities �,  and �r form a �nite basis of identities

of the variety of l-threshold k-testable semigroups (� = �).
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1 The identities and the congruences

We can formulate the above mentioned result of Beauquier and Pin [3] in the following form:

Theorem 1.1 [3] A language L is locally threshold testable if and only if the syntactic semi-
group S of L is aperiodic and for any two idempotents e, f and elements a, u, b of S we have

eafuebf = ebfueaf (8)

Lemma 1.2 Every �-class of the completely invariant congruence � is a union of some �-
classes of the completely invariant congruence � and every �-class is a union of some � -classes
of the completely invariant congruence � .

Proof. The k-testability can be considered as 1-threshold k-testability and so k-testability
implies l-threshold k-testability for any l. Hence u� = v� implies u� = v� and so � � �.
Identities �r, �, �, � and  are balanced and therefore they are valid in i-threshold k-testable
semigroups for any integer i. They are valid in k-testable semigroups too. The identities � (3)
are a consequence of identities �r (1) for k-testability , whence l-threshold k-testable semigroups
satisfy the identities �.

Hence u� = v� implies u� = v� and so � � �. 2

Lemma 1.3 All words from a given �-class (�-class, � -class) have the same graph �k�1.

The proof follows from Lemma 1:2 and from the de�nition of the graph �k�1 (See [23] too).

Lemma 1.4 Let X be non-trivial � -class of a completely invariant congruence � .
Then every word in X contains a subword u(vu)m, where ju(vu)m�1j � k � 1.
Every word s such that jsj < k and ocs(w) for distinct w from X is not constant, is a subword

of some such u(vu)m, and in case of existence of such s the class X is in�nite.

Proof. Every non-trivial � -class X of a completely invariant congruence � is included in some
non-trivial �-class of the congruence � (lemma 1:2).

Identities �1; :::�k; � from the basis of identities of the variety Tk de�ne non-trivial �-classes
of completely invariant congruence �. Each right and left part W of these identities contains a
subword of the kind u(vu)m, such that ju(vu)m�1j = k � 1. Moreover, every word s such that
jsj = k � 1 and ocs(w) is not the same for distinct w from X, belongs, as a node of the graph
�k�1(w), to a cycle of length not greater than k � 1, and therefore s is a subword of some such
u(vu)m. Any substitution could not change this situation, whence every word from X contains
a subword of the kind u(vu)m.

If ocs(w) is not the same for distinct w from X then ocs(w) � l and we can use the identities
� (3) and obtain in this way an in�nite set of words from X. 2

Lemma 1.5 Every H-class of a locally threshold testable semigroup contains only one element.

Proof. A locally threshold testable semigroup contains only trivial subgroups. In view of The-
orem 2.22 [8], the Schutzenberger group G of an H-class is a homomorphic image of some
semigroup with trivial subgroups. Therefore G is trivial and any H-class is trivial too. 2
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Lemma 1.6 Suppose that u� = v�, where the words u, v are indecomposable. Then u� = v� .

Proof. Let us note that all words in u� = v� are indecomposable, because all these words
have the same graph �k�1(u). (Lemma 1:3). By Lemma 1:2, � � �, whence all words from
u� = v� are indecomposable.

Let us consider the � -class u� . Without loss of generality let us assume that ocs(u) � ocs(v)
for any s such that jsj = k. It is obvious when ocs(u) < l because in this case ocs(u) = ocs(v).

In the opposite case, by Lemma 1:4, the � -class u� is in�nite, and the word s is a sub-
word of some word w = w1X

m+1
r Xpw2, where ocs(w) � l. So we can take another suitable

indecomposable word u from u� .
Our aim is to prove that for any integer n � jvj there exists a word w 2 u� such that hn(v) =

hn(w) and ocs(v) � ocs(w) for any s. We proceed by induction on n. Since h1(v) = h1(u) we
can take w = u. By the de�nition of the local threshold testability and the congruences � and
�, the induction assumption holds for n = 1 and, moreover, for any n � k � 1.

We can conclude that for any word w 2 u� in view of �k�1(v) = �k�1(u) = �k�1(w) each
subword of length k (and k�1 too) from v belongs to w, and the subword tk(hn(v)) also belongs
to w.

For s = tk(hn(v)) we have ocs(w) � ocs(v) by choice w, and ocs(hn(v)) > ocs(hn(w)) because
s is the last subword in hn(v), but not in hn(w). Therefore some inclusion of s in v does not
belong to hn(v).

According the induction assumption, hn�1(v) = hn�1(w). So w = hn�1(v)xw1 and v =
hn�1(v)yv1. The case which may be considered is x 6= y. It is clear that we can assume
n � k � 1. Let us denote Tk�1 = tk�1(hn�1(v)). Since v and w belong to one �-class of the
congruence � we have w � Tk�1y. In view of ocs(w) � ocs(v) for s such that jsj = k � 1, some
inclusion of the word s = Tk�1y, does not belong to the subword hn�1(v)x.

Suppose �rst that this inclusion of the word Tk�1y has non-empty intersection with the
subword hn�1(v)x. So the word Tk�1y has only his beginning in the subword hn�1(v)x and
w = hn�1(v)xw1 = w3Tk�1xw1 = w3hr(Tk�1)Tk�1yw2 for some hr(Tk�1), and some w1, w2, w3.
Let us take the minimal such r. Therefore for some Xr, hn�1(v) = w3X

m+1
r Xp, where Xp (and

Xpx as well) is some left subword of Xr, m � 0 is some integer. We have Tk�1 = Xm+1
r Xp,

whence k� 1 = r(m+ 1) + p. The subword Xm+2
r Xpy belongs to w and its beginning Xm+1

r Xp

ends the subword hn�1(v) of w.
In the case ocXr(w) > l, let us use one of the identities � (1), and by reducing Xr obtain

a word with beginning hn�1(v)y. In the case ocXr(w) � l we have ocXr(v) = ocXr(w). The
word s = tk(Xm+1

r Xpx) can be found at the end of the word hn(w) and so ocs(w) < ocs(v).
Therefore, in view of the choice of Xr the word s belongs to the subword w2. Hence we can use
identity �r (4), move Xr to s and replace x by y in this case too.

So let us suppose that the left subword hn�1(v)x of w has no intersection with some inclusion
of the subword Tk�1y of w.

Let us now consider the word v = hn�1(v)yv1. If the subword Tk�1x of v belongs only to
hn(v) then ocTk�1x(v) 6= ocTk�1x(w). Therefore ocTk�1x(v) � l. In view of Lemma 1:4, we can
apply identity � (3) to the word ww and change some subword Tk�1. Then we use the identity
�r and replace x by y at the end of the subword hn(w).
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So we can suppose that the subword Tk�1x of v does not belong only to the subword hn(v),
and one can �nd it after this subword in v. If this inclusion of Tk�1x in v has non-empty inter-
section with the subword hn(v) then its left subword Tk�1 and the subword Tk�1y = tk(hn(v))
form a word s = XrTk�1 where Xr = hr(Tk�1). Therefore in the graph �k�1(v) = �k�1(w)
there exists a cycle with node Tk�1 and edge Tk�1y of length less than k. The word s belongs
to w too. If s does not belong to hn(w) then s has intersection with complement of hn(v). So
we can use to corresponding subword of w the identity �r (4) and replace x by y on the end of
the subword hn(w). If s belongs to hn(w) then all subwords of s of length k lay outside hn(v)
in view of ocs(w) � ocs(v). Therefore we use �rst the identity �r, then the identity � (7) and
then �r. On this way we obtain from w a word with begin hn(v).

Let us suppose now that the left subword hn�1(v)y of v has no intersection with some
subword Tk�1x of v. Some path from the edge Tk�1y in �k�1(v) to the edge Tk�1x contains
not less than k edges. Corresponding subwords of v of length k do not belong to hn�1(v)y.
Therefore in view of ocs(w) � ocs(v), for any s such that jsj = k they belong to w but do not
belong to hn�1(w). If the path is a cycle then its length is not less than k.

We have a word w = :::Tk�1x:::Tk�1yw1:::. In case w1 � Tk�1 let us use the identity � (2)
(a kind of identity ) and obtain a word :::Tk�1y:::Tk�1x:::. In case Tk�1 begins in Tk�1y and
ends in w1 we can use the identity  and replace x by y in this case too.

Therefore we can assume that the subword Tk�1y is the last subword of w containing Tk�1.
This implies that on the considered path there exists a node such that the corresponding word
s of length k � 1 can be found in the word w twice: after the subword Tk�1y, and before
this subword, but after hn�1(w). In view of the length of the path both inclusions of s have no
intersection. Let us consider below only a minimal subword of w containing both these inclusions
of s, Tk�1y and hn(w) = Tk�1x.

In case the second inclusion of s has non-empty intersection with the subword Tk�1y and
the �rst inclusion of s has non-empty intersection with hn(w) = Tk�1x, these intersections are
distinct. Therefore we can apply the identity �r (4) and replace x by y. So let us suppose that
at least one of these intersections is empty.

In case the considered inclusions of the subword s have intersections with the subword Tk�1y
of w let us use the identity � (7), where the intersection of Tk�1 with �rst inclusion of s is denoted
by Xi, and the intersection of Tk�1 with second inclusion of s is denoted by Yj . Therfore Tk�1
is presented by XiuYj and s is presented by YjvXi. We use the same identity � when the �rst
inclusion of s has intersection with hn�1(v) and Tk�1y.

In case the �rst inclusion of s has intersection with hn�1(v) let us use the identity � (6)
where a subword of w which begins in hn�1(v) by Tk�1y and ends by s is denoted by the letter
u from the identity �.

If only the second inclusion of s has intersection with Tk�1y, let us use the identity  (5),
where a subword of w2 which begins with s and ends with Tk�1 is denoted by the letter u from
the identity . We replace the letter x by y at the end of the subword hn(w) in all considered
cases.

This �nishes the induction.
For n = jvj we have vv1 2 u� for some v1. Analogously, v2v 2 u� for some v2 and uu1,

u2u 2 v� for some u2, u1. Therefore the words u, v belong to one H-class of the congruence � ,
whence by Lemma 1:5 u = v. 2
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Theorem 1.7 The set of all identities �, , �, �, �r for given k and l form a �nite basis of
identities of the variety of l-threshold k-testable semigroups.

Proof. We must to prove that � = �. By Lemma 1:2, for any pair of words u, v we have
u� = v� ! u� = v�. Therefore it is su�cient to prove that u� = v� ! u� = v� . Let us assume
that u� = v� (and u� = v� as well).

Suppose �rst that the word u is indecomposable. Then by Lemma 1:3, v is also indecom-
posable, whence by Lemma 1:6 we have u� = v� .

Let us now go to the general case. Suppose u = u1u2:::us and v = v1v2:::vt where ui and vi
are maximal indecomposable subwords of u or v. By lemma 1:3, �k�1(v) = �k�1(u). Maximal
strongly connected components of these graph correspond to some indecomposable words, the
graph is a chain of maximal strongly connected components. Therefore �k�1(vi) = �k�1(ui).
From u� = v� it follows that u�i = v�i . So u�i = v�i . Therefore u

� = v� .
The assertion of the theorem holds in this case too. 2
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