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ABSTRACT

We study subgroups of ZN which possess group theoretic properties anal-
ogous to properties introduced by Menger (1924), Hurewicz (1925), Roth-
berger (1938), and Scheepers (1996). The studied properties were intro-
duced independently by Koc¢inac and Okunev. We obtain purely com-
binatorial characterizations of these properties, and combine them with
other techniques to solve several questions of Babinkostova, Ko¢inac, and
Scheepers.
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1. Introduction

The groups ZF, k € N, are discrete, and the classification up to isomorphism
of their (topological) subgroups is trivial. But even for the countably infinite
power ZN of Z, the situation is different. Here the product topology is nontrivial,
and the subgroups of ZN make a rich source of examples of non-isomorphic
topological groups (see the papers in [10], and references therein). Because of
the early works of Baer [3] and Specker [33], the group Z" is commonly known
as the Baer—Specker group.

We study the properties of subgroups of the Baer—Specker group, which are
preserved under continuous group homomorphisms. While the definitions of
these properties contain a topological ingredient, they all turn out to be equiv-
alent to purely combinatorial properties. One of these properties is of special
interest in light of classical conjectures of Menger and Hurewicz.

This paper is organized as follows. In Section 2, we define the studied group
theoretic properties. These definitions, due to Okunev and Koéinac, indepen-
dently, involve coverings of the group by translates of open sets. In Section
3, we provide combinatorial characterizations for these properties. In Section
4, we discuss the Hurewicz Conjecture for groups, in light of a recent result of
Babinkostova. In Section 5, we generalize the properties for arbitrary sets, prove
their preservation under uniformly continuous images, and give a characteriza-
tion of each of the general topological properties in terms of the group theoretic
ones. In Section 6, we describe the minimal cardinalities of counter-examples for
the group theoretic properties. Section 7 shows that the group theoretic prop-
erties do not coincide, and Section 8 shows that none of the group theoretic
properties coincides with its general topological counterpart, answering several
questions of Babinkostova, Ko¢inac and Scheepers posed in [2]. In Section 9,
we give a systematic list of constructions witnessing the diversity of subgroups
of the Baer—Specker group. An informal thesis that emerges from that section
is that ZN is “universal” for boundedness properties of groups.

2. Boundedness notions for groups

Definition 2.1: Assume that (G, -) is a topological group.

(1) G is Menger-bounded if for each sequence {Up, },en of neighborhoods
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of the unit, there exist finite sets F,, C G, n € N, such that G =
U, Fn- Uyt

(2) G is Scheepers-bounded if for each sequence {U, }nen of neighbor-
hoods of the unit, there exist finite sets F,, C G, n € N, such that for
each finite set F' C G, there is n such that F C F,, - U,,.

(3) G is Hurewicz-bounded if for each sequence {Up,}nen of neighbor-
hoods of the unit, there exist finite sets F,, C G, n € N, such that for
each g € G, g € F,, - U, for all but finitely many n.

(4) G is Rothberger-bounded if for each sequence {U,}nen of neigh-
borhoods of the unit, there exist elements a,, € G, n € N, such that
G=U,an U,

Several instances of these properties were studied in, e.g., [34, 15, 16, 22, 5, 36].
A study from a more general point of view was initiated in [20, 2, 1]. These
properties are obtained from the following general topological properties by
restricting attention to open covers of the form {a-U : a € G}, where U is an
open neighborhood of the unit.

Definition 2.2: Assume that X is a topological space.

(1) X has the Menger property [24] if for each sequence {U, } nen of open
covers of X, there exist finite sets F,, C U,, n € N, such that UneN Fn
is a cover of X.

(2) X has the Scheepers property [31] if for each sequence {Uy,}nen of
open covers of X, there exist finite sets F,, C U,,, n € N, such that for
each finite set F' C X, there is n such that F' C UUefn, U.

(3) X has the Hurewicz property [17, 18] if for each sequence {Uy, } nen
of open covers of X, there exist finite set F,, C U,, n € N, such that
for each element z € X, # € Uy, U for all but finitely many n.

(4) X has the Rothberger property [29] if for each sequence {Uy,}nen
of open covers of X, there exist elements U, € U,,, n € N, such that

X =U,pen Un-

Except for the second, all these properties are classical. They share the same
structure and can be defined in a unified manner [31, 19]. These properties were
analyzed in many papers and form an active area of mathematical research —
see [32, 21, 37, 6] and references therein.

! Throughout, A - B stands for {a-b:a€ A, be B}, and a- B stands for {a-b: b€ B}.
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The group theoretic properties are the main object of study in this paper, but
we also consider their relation to the general topological properties. Clearly, the
group theoretic properties are related as follows:

Hurewicz-bounded — Scheepers-bounded —— Menger-bounded

T

Rothberger-bounded
In addition, they are all hereditary for subgroups and preserved under contin-
uous homomorphisms [15, 2, 1]. All properties in the top row hold for o-compact
groups, and therefore for subgroups of o-compact groups. In particular, all
properties in the top row hold for subgroups of the Cantor group Z,". As we
shall see, the situation is quite different in the case of the Baer—Specker group
ZN.

3. Purely combinatorial characterizations and some consequences

We use the convention that 0 € N. For the sake of clarity, we use the following
self-evident notation. N is the collection of all strictly increasing elements of
NN and Z<®0 is the collection of all finite sequences of integers. The canonical
basis for the topology of ZN consists of the sets

[s]={feZ":sC [}

where s ranges over Z<®. [k;m) = {k,k+ 1,...,m — 1} and [k,00) =
{k,k+1,...}, for natural numbers k < m. For a partial function f : N — Z,
|f| is the function with the same domain, which satisfies |f|(n) = |f(n)], in
this case | - | denotes the absolute value. For partial functions f,g : N — Z,
f < g means: For each n in the domain of f, n is also in the domain of g, and
f(n) < g(n). Similarly, f < k means: For each n in the domain of f, f(n) < k.
The quantifiers (3°°n) and (V*°n) stand for “there exist infinitely many n” and
“for all but finitely many n”, respectively. Finally, the identity element of ZV,
the constantly zero sequence, is also denoted by 0.

3.1. MENGER-BOUNDED GROUPS.

THEOREM 3.1: Assume that G is a subgroup of ZN. The following conditions
are equivalent:

(1) G is Menger-bounded;
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(2) for each h € NN, there is f € NN such that:

(Vg € G)(3n) |g] 1'0,h(n)) < f(n);

(3) for each h € NN, there is f € NY such that:

(Vg € G)(37n) |g] 1[0, h(n)) < f(n);
(4) there is f € NY such that:

(Vg € G)(3*n) |g| 1'[0,n) < f(n).

Proof. (1 = 2) Fix h € N™N. For each n, take U,, = [0 ] [0,h(n)) ] and find
finite F,, C G such that G C |J,,(Fy, + Uy). Define f € NN by

f(n) = max{|a(k)| : a € F), and k < h(n)},

for each n. For each g € G there are n and a € F,, such that g € a + U,, =
[a1[0,h(n))], that is, g I [0,2(n)) = a | [0,h(n)). Thus, |g | [0,h(n)) =
la| T [0, h(n)) < f(n) for this n.

(2 = 1) Assume that {U,},en is a sequence of neighborhoods of 0 in ZN.
Take h € N™ such that [0 [ [0,h(n))] C U, for each n. Apply (2) on h to
obtain f. For each n and each s € ZI%"(™) with |s| < f, choose, if possible,
as € G such that as [ [0,h(n)) = s. If this is impossible, take as = 0. Let
F, = {as : s € ZI%M™) 15| < f}. We claim that G C (J,,(F,, + Uy). For
each g € G, there is n such that |g| | [0,h(n)) < f(n), and therefore there is
s € ZI%M™) guch that g | [0,h(n)) = s = a, | [0, h(n)), thus

g€ las1[0,h(n)) ] =as+[01[0,h(n))] < as+UnC Fy+ Up

(2 = 3) This is achieved by partitioning N to infinitely many infinite pieces
and applying the arguments in (1 = 2) to each piece separately.

(3= 2) and (3 = 4) are trivial.

(4 = 3) This was pointed out by Banakh and Zdomskyy, and later indepen-
dently by Simon. Indeed, fix any h € NN, Let f be as in (4). We may assume
that f is increasing. Define f(n) = f(h(n+ 1)) for each n. Fix g € G. For each
n > h(0) with |g| [ [0,n) < f(n), let m be such that n € [h(m), h(m-+1)). Then
lg] 1[0, h(m)) < |g| [ [0,n) < f(n) < f(h(m+ 1)) = f(m). There are infinitely
many such n’s, and therefore infinitely many such m’s. i
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3.2. SCHEEPERS-BOUNDED GROUPS.

THEOREM 3.2: Assume that G is a subgroup of ZN. The following conditions

are equivalent:

(1) G is Scheepers-bounded;
(2) for each h € NN there is f € NN such that:

(Vfinite F C G)(3n)(Vg € F) |g| | [0,h(n)) < f(n);
(3) for each h € N, there is f € NN such that:

(Vfinite F C G)(3n)(Vg € F) g | [0, h(n)) < f(n);
(4) there is f € NN such that:

(Yhinite F C G)(3*n)(¥g € F) |g| | [0,n) < f(n);
(5) there is f € N¥ such that:

(Yhinite F C G)(3%n)(Yg € F) g | [0,n) < f(n);

Moreover, in (2) and (3) the quantifier (3n) can be replaced by (3%n).

Proof. (3 = 2) Given a finite ' C G, apply (3) to the finite set F'U —F =
{fa:a € F}.

(5 = 4) is identical. The remaining implications are proved as in Theorem
3.1. |

3.3. HUREWICZ-BOUNDED GROUPS.

Definition 3.3: A partial ordering <* is defined on NN by: f <* gif f(n) < g(n)
for all but finitely many n. A subset X of Z" is <*-bounded if there is f € N¥
such that for each g € X, |g| <* f.

THEOREM 3.4: Assume that G is a subgroup of ZN. The following conditions

are equivalent:

(1) G is Hurewicz-bounded;
(2) for each h € NN, there is f € NN such that:

(Vg € G)(Y*n) |g| [ [0, h(n)) < f(n);

(3) G is <*-bounded.
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Proof. (1 < 2) this is similar to the proof of Theorem 3.1.

(2 = 3) is trivial.

(3 = 2) Assume that fy € NV witnesses that G is <*-bounded. We may
assume that fj is increasing. For each g € G let ng be such that |g| | [no,00) <

fo, and let m = max|g| [ [0,n0). Choose n1 > ng such that m < fo(n1). Then
for each n > n1, we have the following:

9] 1'10,m0) <m < fo(n1) < fo(n)
9] I [no,n) < fo I [no,n) < fo(n)
In other words, |g| | [0,n) < fo(n) for each n > ny. Given h € NV define
f € N¥by f(n) = fo(h(n)) for each n. For each n large enough, |g| | [0, h(n)) <
fo(h(n)) = f(n). ®
Item (3) in Theorem 3.4 is familiar to algebraists under the name bounded
growth type (see [33, 14]), and to topologists as “subsets of a o-compact set.”

3.4. ROTHBERGER-BOUNDED GROUPS AND STRONG MEASURE ZERO. Accord-
ing to Borel [11], a metric space (X,d) has strong measure zero if for each
sequence {ey, }nen of positive reals, there exists a cover {U, : n € N} of X such
that for each n, the diameter of U, is smaller than ¢,. The topology on the
Baer-Specker group Z" is induced by the metric

1
N(z,y)+1 x 7& Y

0 r=y

d(z,y) =

where for distinct x,y € ZN, N(z,y) = min{n : z(n) # y(n)}.

The equivalence (2 < 3) in the following theorem (with Z," instead of ZV)
is from Bartoszynski-Judah [7], and the equivalence (1 < 3) follows from a
general result of Babinkostova, Koc¢inac, and Scheepers [2].

THEOREM 3.5 ([7, 2]): Assume that G is a subgroup of ZY. The following
conditions are equivalent:

(1) G is Rothberger-bounded;
(2) for each h € NN there is p : N — Z<X0 such that:

(Vg € G)(3n) g | [0,h(n)) = p(n);
(3) G has strong measure zero.

Moreover, in (2), the quantifier (3In) can be replaced by (3°°n).
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Proof. (1 = 2) Fix h € N™N. For each n, take U,, = [0 ] [0,h(n)) ] and find
an € G such that G C |J,,(an + Uy). For each g € G there exists n such that
g € an + U, = [ay [[0,h(n))], that is, g | [0,h(n)) = an [ [0,h(n)). Take
w(n) = ayn 1[0, h(n)), for each n.

(2 = 1) Assume that {U,},en is a sequence of neighborhoods of 0 in ZN.
Take h € N'™ such that [ 0 [ [0,h(n)) ] C U, for each n. Apply (2) on h to
obtain ¢. For each n choose, if possible, a,, € G such that a,, | [0,h(n)) = ¢(n).
If this is impossible, take a,, = 0. We claim that G C |J,,(an + Uy). Indeed,
for each g € G, exists n such that g [ [0,h(n)) = ¢(n) = a, | [0,h(n)), and
therefore

g€lan1[0,h(n))]=an+[01[0,h(n)]C an+ U

(1 = 3) Given {€y}nen, choose for each n a neighborhood of the identity
whose diameter is smaller than €,. Apply (1) and the fact that the metric on
ZN is translation invariant.

(3 = 2) Let h € N™N. For each n, take ¢, = 1/h(n). By (3), there is a cover
{Un : n € N} of G such that for each n, the diameter of U, is smaller than
en. Consequently, each U, is contained in some [ s, | where s,, € ZM) | Take
o(n) = s, for each n.

The last assertion can be proved as in Theorem 3.1. |

4. The Hurewicz and Menger Conjectures revisited

The notion of Menger-bounded groups was introduced by Okunev (under the
name o-bounded groups) in the aim of having an inner characterization
of subgroups of o-compact groups. In the general topological case, this ap-
proach goes back to Menger [24], who conjectured that for metric spaces, the
Menger property (Definition 2.2(1)) characterizes o-compactness. Following
that, Hurewicz [17] made the weaker conjecture that the Hurewicz property
(Definition 2.2(3)) characterizes o-compactness. These conjectures turn out to
be false [13, 19] (generalized in [40]). However, the conjectures also make sense
in the group theoretic case. Since the group theoretic properties are hereditary
for subgroups, we need to restate them in the following manner.

Definition 4.1: The Menger Conjecture for groups (respectively, Hure-
wicz Conjecture for groups) is the assertion that each metrizable group G,
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which is Menger-bounded (respectively, Hurewicz-bounded), is a subgroup of
some o-compact group.

Theorem 3.4 implies that the Hurewicz Conjecture is true when restricted
to subgroups of ZN. A result of Babinkostova implies that it is true for gen-
eral metrizable groups. Call a subset B of a topological group G left totally
bounded (respectively, right totally bounded, totally bounded) in G if for
each neighborhood U of the identity, there is a finite F* C G such that B C F-U
(respectively, BCU-F,BCF-UNU-F).

THEOREM 4.2 (Babinkostova [1]): For metrizable groups G: G is Hurewicz-
bounded if, and only if, G is a union of countably many left totally bounded
sets.

For completeness, we give a direct proof of this result.

Proof. The “if” part is easy. We prove the “only if” part. Fix a metric on G
and for each n, let U,, be the ball of radius 1/(n + 1) centered at the identity.
Choose finite sets F,, C GG, n € N| such that for each g € G and all but finitely
many n, g € F, - U,. Then

For each m, F,, - U, is left totally bounded in G. [ |

n>m

A topological group G can be embedded in a og-compact group if, and only
if, G is a union of countably many totally bounded sets [34]. The nontrivial
implication follows from the classical fact that the completion of G with respect
to its left-right uniformity is a topological group and the basic fact that totally
bounded and complete sets are compact.

COROLLARY 4.3: The Hurewicz Conjecture for groups is true.

Proof. Assume that G is Hurewicz-bounded. By Theorem 4.2, G = | J,, B, with
each B, left totally bounded. Then G = G~! = U., B!, where A~ means
{a=':a € A}. If B is left totally bounded, then B! is right totally bounded.
(For each neighborhood U of the identity, take a neighborhood V' of the identity

such that V~! C U, and finite F such that B C F-V~!. Then B~' C V~F_1.)
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Thus,
G= |J B.nB,
m,neN
and each B, N B;,! is totally bounded. That is, G is a union of countably many

totally bounded sets. |

On the other hand, by Theorem 7.3, even for subgroups of ZN the Menger
Conjecture is false.

Remark 4.4: Partial results in the direction of Theorem 4.2 and Corollary 4.3,
and results similar to these, were previously obtained in [4, 25, 5] and possibly
in additional places.

5. Continuous images

The group theoretic properties are preserved under continuous homomorphisms,
while their topological counterparts are preserved under arbitrary continuous
functions. The combinatorial properties characterizing the group theoretic
properties hold for arbitrary subsets of Z! (or of the Baire space NV), and it
turns out that they are preserved under uniformly continuous images in ZN. A
consequence of Specker’s work is that every endomorphism of ZY is continuous,
and therefore uniformly continuous.

Definition 5.1: Abusing terminology, we say that a subset X of ZY is Menger-
(respectively, Scheepers-, Hurewicz-, Rothberger-) bounded if it satisfies the
property in Theorem 3.1(4) (respectively, 3.2(5), 3.4(3), 3.5(2)).

As far as uniformly continuous images are concerned, we can equivalently
work in NV (the natural homeomorphism from Z" to NY is uniformly continuous
in both directions). In this case, the absolute values in the definitions are not
needed.

We say that YV is a uniformly continuous image of X if it is the image of
a uniformly continuous function ¥ : X — ZN.

LEMMA 5.2: Each of the properties in Definition 5.1 is preserved under uni-

formly continuous images.

Proof. To give a unified proof, we use the equivalent formulations of the prop-
erties which use the additional quantifier “there is h € N'™”. Assume that
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U : X — Y is a uniformly continuous surjection. Let h € N be given for Y.
There exists a number h'(n) for each n such that for each x € X, x | [0,4/(n))
determines ¥(x) [ [0, h(n)), since ¥ is uniformly continuous.

Assume that X is Menger-bounded (the remaining cases are similar). Then
there is f’ for i’ as in 3.1(2). For each n, let S,, be the set of all s € Z" (") such
that |s| < f’(n), and for which there is x4, € X such that z, | [0,h'(n)) = s.
For each s € S, let r; = U(x) | [0, h(n)) (note that rs depends only on s).
Define f € NN by

f(n) = max{|rs(k)| : s € S,, k< h'(n)}

for each n (if S, = 0, take f(n) = 0). Then f is as required in 3.1(2) for ¥’
and h. |

THEOREM 5.3: Assume that X C ZN. X is Menger- (respectively, Scheepers-,
Hurewicz-, Rothberger-) bounded, if, and only if, for each uniformly continuous
image Y of X in ZN and each h € NV, there is f € NN such that:

(1) (vy € Y)3Bn) [yl I [(n), h(n+1)) < f T [a(n), h(n+1));

(2) (Viinite F CY)(3n)(Vy € F) [y| I [h(n), h(n+1)) < f 1 [1(n), h(n+1));
(3) (Vy € Y)(v>n) [y[ [ [1(n), h(n+1)) < f | [p(n), h(n+1));

4) (Vy € Y)3n) y I [h(n), h(n+1)) = f [ [i(n), h(n+1));

respectively. Moreover, in each of the above items the quantifier (3n) can be
replaced by (3°n).

Proof. By Lemma 5.2, the implication from the definitions to the new charac-
terizations is immediate. We prove the converse direction.

(1) Given h € N for X, define b’ € NN by »/(0) = 0, and h'(n) =
h(0) + -+ h(n — 1) for each n > 0. Define ¥ : X — ZN by

U(z)(k) = z(k — I'(n))

whenever k € [h/(n),h'(n+1)). ¥ is uniformly continuous (in fact, it is a
homomorphism). Let Y be the image of ¥, and take f’ as in (1) for A’. Then
for each x € X, there is n such that z(k — h'(n)) = U(x)(k) < f'(k) whenever
k € [W(n),h (n+1)). Define f(n) = max{f'(k): k € [A'(n),h (n+1))} for each
n. Then f is as in 3.1(2) for X and h.

(2) is similar, and (3) is trivial.

(4) Argue asin (1), and define p(n)(k) = f'(k+h'(n)) for each k& < h(n). |
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Remark 5.4: The proof of Theorem 5.3 actually shows that in the context of
groups, the same assertions hold when restricting attention to endomorphisms
rather than arbitrary uniformly continuous functions.

We now turn to arbitrary continuous images.

THEOREM 5.5 ([17, 28, 35]): Assume that X C ZN. X has the Menger (re-
spectively, Scheepers, Hurewicz, Rothberger) property if, and only if, for each
continuous image Y of X in ZN, there is f € NN such that:

(1) (vy € Y)B3n) [yl(n) < f(n);

(2) (Vfinite F' C Y)(3n)(Vy € F) [y|(n) < f(n);

(3) (Vy € Y)(v>°n) ly|(n) < f(n);

(4) (vy € Y)B3n) y(n) = f(n);
respectively. Moreover, in each of the above items the quantifier (3n) can be
replaced by (3°°n).

In light of Theorem 3.5, we have that the following theorem extends Fremlin—
Miller’s Theorem 1 from [13] (cf. [6]).

THEOREM 5.6: Assume that X C ZN. X has the Menger (respectively, Scheep-
ers, Hurewicz, Rothberger) property if, and only if, each continuous image Y of
X in ZN is Menger- (respectively, Scheepers-, Hurewicz-, Rothberger-) bounded.

Proof. = Each of the topological properties is preserved under continuous im-
ages and implies the corresponding group theoretic property.

< We treat the Menger case, the other cases being similar. If Y is a con-
tinuous image of X in ZY, then by the assumption Y is Menger-bounded. By
Theorem 3.1(2) for Y, we have, in particular, that (1) of Theorem 5.5 holds for
Y. |

These results and those in the coming sections imply that none of the group-
theoretic properties (considered for general subsets of ZV) is preserved under

continuous images.

6. Critical cardinalities

A subset D of NV is dominating if for each g € NV there exists f € D such
that ¢ <* f. Let b denote the minimal cardinality of a <*-unbounded subset
of N¥, and d denote the minimal cardinality of a dominating subset of NN, In
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addition, let cov(M) denote the minimal cardinality of a subset ¥ of NN such
that there is no f € NN such that for each y € Y, f(n) = y(n) for some n.
The name cov(M) comes from the fact that this cardinal is also the minimal
cardinality of a cover of R by meager sets [7]. Finally, let ¢ = 2%° denote the
cardinality of the continuum.

The mentioned cardinals are related as follows, where an arrow means <:

b —— max{b,cov(M)} —=0 ——>¢

| |

Ny ——— cov(M)

No additional (weak) inequalities among these cardinals can be proved, see [9].
The critical cardinality of a property P of subsets of Z is:

non(P) = min{|X|: X C Z" and X does not satisfy P}.

Consider the properties (1)—(4) in Theorem 5.5. The critical cardinality of (1)
is 9. It is not difficult to see that 9 is also the critical cardinality of (2). The
critical cardinality of (3) is b, and cov(M) is the critical cardinality of (4).

COROLLARY 6.1: (1) The critical cardinalities of the properties Menger,
Menger-bounded (for sets or groups), Scheepers, and Scheepers-boun-
ded (for sets or groups) are all 0.
(2) The critical cardinalities of the properties Hurewicz and Hurewicz-
bounded (for sets or groups) are b.
(3) The critical cardinalities of the properties Rothberger and Rothberger-
bounded (for sets or groups) are cov(M).

Proof. For the topological properties this follows from Theorem 5.5. Conse-
quently, Theorem 5.6 implies the assertions for the bounded version of the
properties for sets. To get the property for groups, take a witness Y C ZN for
the critical cardinality of the same property for arbitrary sets, and consider (Y")
(which has the same cardinality as Y). n

7. Comparison of the group theoretic properties

Could any implication—which is not obtained by composition of existing ones—
be added to the diagram in Section 27 We give examples ruling out almost all
possibilities.
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The most simple example is the following.

THEOREM 7.1: Let X = {0,1} C ZN. Then G = (X) is o-compact (in
particular, it is Hurewicz-bounded) but is not Rothberger-bounded.

Proof. X is compact and therefore so are all of its finite powers.

LEMMA 7.2: Let M be a topological group. Assume that P is a property
which is preserved under uniformly continuous images and countable unions. If
all finite powers of a subset X of M have the property P, then all finite powers
of the group G = (X)) have the property P.

Proof. For each n,

Gn={miz1+ - +mpxy :my,...,my €4, x1,...,2, € X}
is a union of countably many continuous images of X", Thus, for each k, (G,,)*
is a union of countably many continuous images of X™*, and therefore has the
property P. Thus, for each k, G* = (X)* =, (G,)* has the property P. |

As o-compactness is preserved under continuous images and countable unions,
we have by Lemma 7.2 that G = (X) is o-compact. On the other hand, it
is clear by Theorem 3.5(2) that X (and in particular G) is not Rothberger-
bounded. |

THEOREM 7.3: There exists a Scheepers-bounded subgroup of ZY which is not
Hurewicz-bounded.

Proof. By a theorem of Chaber and Pol [12] (see also [40]), there is a subset X
of ZN such that all finite powers of X have the Menger property, but X is not
contained in any o-compact subset of ZN. Let G = (X).

Menger’s property is preserved under continuous images and countable
unions. By Lemma 7.2, G has the Menger property. By the following lemma,
G is Scheepers-bounded.

LEMMA 7.4 ([2, 6]): A topological group G is Scheepers-bounded if, and only
if, all finite powers of G are Menger-bounded. ]

Finally, as G 2 X, G is not contained in any o-compact subset of ZN. By
Theorem 3.4, G is not Hurewicz-bounded. |
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By a deep result of Laver [23], it is consistent that all strong measure zero
sets of reals are countable (and therefore have all properties considered in this
paper). Thus, special hypotheses are necessary for constructions of nontrivial
Rothberger-bounded groups. One can replace all of the special hypotheses made
in this paper concerning equalities among cardinals by the Continuum Hypoth-
esis or just Martin’s Axiom, which are both stronger than our hypotheses.

THEOREM 7.5: Assume that cov(M) = c¢. Then there exists a subgroup of
ZN which is Rothberger-bounded (and Scheepers-bounded) but not Hurewicz-
bounded.

Proof. For a cardinal x, L C Z" is a k-Luzin set if |L| > &, and for each
meager set M C ZN, |[L N M| < k. Our assumption implies the existence of a
cov(M)-Luzin set L C Z such that all finite powers of L have the Rothberger
property [19]. Take G = (L). As the Rothberger property is preserved under
continuous images and countable unions, we have by Lemma 7.2 that all finite
powers of G have the Rothberger (in particular, Menger) property. It follows
from Lemma 7.4 that G is Scheepers-bounded.

LEMMA 7.6: Assume that L C ZN is a k-Luzin set. Then L is <*-unbounded.

Proof. For each f € NN, the set M = {g € ZN : |g| <* f} is meager in ZY, thus
|[LN M| < k= |L|, and in particular L ¢ M. |

As G O L, G is <*-unbounded. By Theorem 3.1, G is not Hurewicz-
bounded. |

Remark 7.7: Assuming cov(M) = ¢, there exist subgroups of R which are
cov(M)-Luzin sets [36]. However, in Z" this is impossible: The subset 2Z" =
{2f : f € ZN} of ZN is nowhere dense, but G N 2ZY D 2G has the same
cardinality as G.

In summary, as far as the group theoretic properties are concerned, no im-
plications can be added among those corresponding to the classical Menger,
Hurewicz, and Rothberger properties. Concerning the newer Scheepers prop-
erty, only the following (related) problems remain open (compare this to Prob-
lems 1 and 2 of [19]).
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PROBLEM 7.8:

(1) Is every Menger-bounded subgroup of ZN Scheepers-bounded??
(2) And if not, is every Rothberger-bounded subgroup of Z~ Scheepers-
bounded?

8. The topological properties are strictly stronger

Koé¢inac in [20] and Babinkostova, Koc¢inac and Scheepers in their first version of
[2], asked whether each group theoretic property coincides with its topological
counterpart. Note that in Section 7, all groups exhibiting some group theoretic
properties actually exhibited the corresponding topological property. We show
that in general this is not the case.

In some of the cases, it will be easier to carry out our constructions in Z,"
rather than in ZN. The extension to ZN is as follows. Assume that H is a
subgroup of Z,, and G = (H) is the subgroup of Z" generated by H as a
subset of ZN. Then G is a subgroup of ({0,1}Y), which by Theorem 7.1 is
o-compact. Thus, G is Hurewicz-bounded. To see that G violates a property
when H does, we will use the following.

LEMMA 8.1: Assume that P is a property which is preserved under uniformly
continuous images, H is a subgroup of Z,", and G = (H) is the subgroup of Z~N
generated by H as a subset of ZV. Then: For each k, if H* does not have the
property P, then G* does not have the property P.

Proof. The mapping ¥ : ZN — Z," defined by
¥(f)(n) = f(n) mod 2

for each n is a continuous group homomorphism (in particular, it is uniformly
continuous), and therefore

Thus, H* is a continuous homomorphic image of G¥. Thus, if G* has the
property P, then so does H*. |

2 This was recently answered in the negative in: M. Machura, S. Shelah and B. Tsaban,
Squares of Menger-bounded groups, Transactions of the American Mathematical Society,
to appear.
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Identify Z,' with P(N) by taking characteristic functions. The group op-
eration on P(N) induced by this identification is A, the symmetric difference.
The Rothberger space, denoted [N]*, is the subspace of P(N) consisting of
all infinite sets of natural numbers. Let [N]<¥ C P(N) denote the collection
of finite sets of natural numbers. One can think of the following construction
and some of the others in the sequel as being carried out in the Rothberger
group P(N)/[N]<®o. However, we prefer to argue directly. [N]<X¢ is a subgroup
of P(N). Let

e: [N¥ — N

denote the continuous function which assigns to each infinite subset of N its

increasing enumeration.

THEOREM 8.2: There exists a subgroup G of a o-compact subgroup of Z\ (thus,
G is Hurewicz-bounded) which does not have the Menger property.

Proof. If G is a subgroup of P(N) with these properties then, by Lemma 8.1
(here P is the Menger property) and the discussion preceding it, so is the group
it generates in ZY. Thus, we can work in P(N).

LEMMA 8.3: There is a family D C [N]¥ such that the subgroup G = (D) of
P(N) is contained in [N]¥ U {0}, and e[D] C N¥ is dominating.

Proof. Fix a dominating subset {f, : & < 0} of NIV, Define D = {d, : a <2} C
[N]®o by induction on a: At step a, let

Go = ({ds: 6 <a} UN<) = ({dg: B < a}) AN

Then |G| = max{|a|,Rg} < 0. There are continuum many g € N such that
fa <* g, so we can choose g, € N such that f, <* g, € €[Go N [N]*]. Take
do = e_l(ga) = im(ga)' i

Take D as Lemma 8.3, and let G = (D) be the generated group in P(N). We
claim that G does not have the Menger property. We will use the fact that the
Menger property is stable under removing finitely many points. The Menger
property is hereditary for closed subsets and preserved under countable unions.

LEMMA 8.4: Assume that a property P is hereditary for closed subsets and
preserved under countable unions. If X C P(N) has the property P, then for
each x € X, X \ {z} has the property P.
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Proof. A well-known property of the Cantor space (and therefore also of P(N))
is that for each € P(N), P(N)\ {z} is an F,, subset of P(N). Let x € X. Then
X\ {z} =U,, Cn where each C, is a closed subset of X, and therefore has the
property P. Consequently, | J,, C,, = X \ {«} has this property, too. ]

Assume that G has the Menger property. Then by Lemma 8.4, so does G\ {0},
which is a subset of [N]*°. Now, ¢[D] C e[G\ {0}] € N" and e[D] is dominating.
Thus e[G \ {0}], a continuous image of G \ {(}, is dominating. This contradicts
Theorem 5.5(1). |

We now treat the Rothberger-bounded groups. Recall the comments made
before Theorem 7.5.

THEOREM 8.5: Assume that cov(M) = b = 0. Then there exists a subgroup G
of a o-compact subgroup of ZY such that all finite powers of G are Rothberger-
bounded (and Hurewicz-bounded), but G does not have the Menger property.

Proof. First, we prove the assertion for subgroups of P(N).

Construct D C [NJ® as in Lemma 8.3, but this time using the fact that at
each stage «, [{gs : B < a}| < b to make sure that for each a < (3, gg <* ga.

Having this, set X = D U[N]<¥. As b < cov(M), we have by Corollary 14
of [8] (see [40]) that all finite powers of X have the Rothberger property. By
Lemma 7.2, the subgroup G = (X) of P(N) (and all its finite powers) has the
Rothberger property. In particular, it is Rothberger-bounded. Consequently,
so is its subgroup H = (D). In the proof of Theorem 8.2 it was shown that H
cannot have the Menger property.

In ZN, take G = (G) and H = (H). H,G are subgroups of the o-compact
group ({0,1}Y). By Lemma 7.2, all finite powers of G have the Rothberger
property. In particular they are Rothberger-bounded and thus the same holds
for the subgroup H of G. By Lemma 8.1, H does not have the Menger
property. |

Remark 8.6: The hypothesis b < cov(M) suffices to obtain a subgroup G of
ZN such that all finite powers of G are Rothberger-bounded (and Hurewicz-
bounded), but G does not have the Hurewicz property. To achieve that, we
only make sure in the last proof that D is <*-unbounded, without necessarily
having it dominating.
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9. Additional examples

The immediate relationships among the properties considered in this paper are
summarized in the following diagram.

Hurewicz-bounded — > Scheepers-bounded ——— = Menger-bounded

Hurewicz ———> Scheepers ————> Menger Rothberger-bounded
Rothberger

An interesting question is, whether additional relationships can be proved
to hold. In other words: Which of the settings consistent with the present
implications can be realized by a single group? As Problem 7.8 is still open,
we can only hope to settle the possible settings in the collapsed diagram where
“Scheepers” and “Menger” are identified, that is, consider only the classical

properties:

Hurewicz-bounded — Menger-bounded

]

Hurewicz —— > Menger Rothberger-bounded

=

Rothberger

In all of our example, Menger-bounded groups will also be Scheepers-bounded,
and groups with the Menger property will also have the Scheepers property.
To make our assertions visually clear, we will use copies of the diagram with
“e” placed in positions corresponding to a property that a given group has,
and “o” in positions corresponding to a property that the group does not have.
There are exactly 14 possible settings to check. They all appear in Figure 1,
where each setting is labelled (n.m) where n is the number of ’s in that setting.
Let us begin with the immediate examples.

PROPOSITION 9.1: Setting (0) is realized by Z". Setting (6) is realized by all
countable subgroups of ZN.

Proof. (0) See Theorem 3.1(4).
(6) All critical cardinalities are uncountable (Theorem 6.1). |
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5 (3.¢) o o
A B v
(4.b) i/ (4.c) f/ (5.a) f/

A el

/

e — 0

(5.b) i (6)

Figure 1. All settings consistent with the present arrows

A less trivial realization of Setting (6) is the group G in the proof of Theorem
8.5 constructed under the hypothesis b < cov(M) (see Remark 8.6). Note
further that any dominating subset of ZY generates a realization of the second
setting (Theorem 3.1).

Section 6 implies consistent realizations of Settings (4.b), (4.c), and (2.c):
For Setting (4.b), assume that cov(M) < b (which is consistent). By Theorem
6.1(3), there is a subgroup G of ZN such that |G| = cov(M) and G is not
Rothberger-bounded. As |G| < b, we have by By Theorem 6.1(2) that G has
the Hurewicz property. Setting (4.c) follows, in a similar manner, from the
consistency of b < cov(M). For Setting (2.c), assume that max{b, cov(M)} <0
(which is consistent), and take by Theorem 6.1(2,3) subgroups G, H of Z" such
that |G| = b, |H| = cov(M), and G is not Hurewicz-bounded and H is not
Rothberger-bounded. Let M = G + H. |M| = max{b,cov(M)} < 9, and
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thus by 6.1(1) M has the Menger property. As M contains G and H, it is not
Hurewicz-bounded nor Rothberger-bounded.

By Laver’s result, each of the settings (2.b), (3.a), (3.c), (4.a), (4.c), (5.a)
and (5.b) requires some special hypothesis to be realized. Settings (4.b) and
(2.¢), mentioned in the previous paragraph, are not in that list, and indeed do
not require any special hypothesis.

THEOREM 9.2: Settings (4.b) and (2.c) are realized.
Proof. (4.b) The proof of Theorem 7.1 shows that the group G = ({0,1}") is

as required.

(2.c) By Theorem 7.1, G = ({0,1}") is o-compact.

For a proof of the following, see Lemma 2.6 of [39].
LEMMA 9.3 (folklore): Assume that X is a o-compact space, and Y has the
Menger property. Then X x Y has the Menger property. |

The following also follows from Theorems 3.1, 3.2, and 3.4.
LEMMA 9.4 (Babinkostova [1]): Assume that G is a Hurewicz-bounded sub-
group of ZN, and H is a Menger- (respectively, Scheepers-, Hurewicz-) bounded

subgroup of ZN. Then G + H is Menger- (respectively, Scheepers-, Hurewicz-)
bounded. |

On the other hand, G + H, containing G, is not Rothberger-bounded.

Take G = ({0,1}") and let H be as in Theorem 7.3. By Lemma 9.3, G + H
(a continuous image of G x H) has the Menger property. Containing G, it is
not Rothberger-bounded, as is evident from Theorem 3.5(2). Containing H, it
is not Hurewicz-bounded, either. |

Recall that Setting (4.c) is realized when max{b, cov(M)} < 9. This setting
can also be realized when the involved critical cardinalities are equal.
THEOREM 9.5: Assume that cov(M) = c¢. Then Setting (4.c) is realized.
Proof. See the proof of Theorem 7.5. |
THEOREM 9.6: Setting (2.a) is realized.

Proof. Let G be as in Theorem 8.2 and take ({0,1}N)+G. Use Lemma 9.3. |
THEOREM 9.7: Assume that cov(M) = b =0. Then Setting (3.a) is realized.

Proof. See the proof of Theorem 8.5. |
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THEOREM 9.8: Setting (1) is realized.

Proof. Take G + H + ({0,1}), where G is from Theorem 8.2 and H is from
Theorem 7.3. As this group contains all three groups, it cannot satisfy any of our
properties, except perhaps Menger-boundedness. As H is Menger-bounded and
({0,1}%) is o-compact, H + ({0,1}") is Menger-bounded. As G is a subgroup
of a o-compact group, G + H + ({0, 1}") is Menger-bounded. |

THEOREM 9.9: Setting (3.b) is realized.

Proof. By a result of Mycielski [26], there is a subset C of Z,", which is linearly
independent over Zs, and is homeomorphic to Z,'. Then C contains a subset
homeomorphic to ZY. Let X be as in Theorem 7.3, and let Y be a topological
embedding of X in C. Let G = (Y). As all finite powers of Y have the Menger
property, G has this property too.

As Cisclosed and Y = GNC, Y is closed in G. As Y does not have the
Hurewicz property, G does not have the Hurewicz property.

By Lemmas 7.2 and 8.1, the subgroup G= (G) of ZN has the Menger property
in all finite powers, and does not have the Hurewicz property. It is Hurewicz-
bounded since it is a subgroup of the o-compact group ({0,1}Y). Take the
group ({0,1}Y) + G and use Lemma 9.3. n

THEOREM 9.10: Assume that cov(M) = ¢. Then Setting (5.a) is realized.

Proof. This is similar to the proof of Theorem 9.9. Let C' be as in that proof,
and L be as in Theorem 7.5. Let M be a topological embedding of L in C, and
take G = (M) in P(N). As all finite powers of M have the Rothberger property,
this holds for G too (Lemma 7.2).

As M is a closed subset of G and M does not have the Hurewicz property, G
does not have the Hurewicz property.

Take G = (G) in ZN, and use Lemmas 7.2 and 8.1. |

THEOREM 9.11: Assume that b = cov(M) < d. Then Setting (4.a) is realized.
Proof. We first get a subgroup of P(N).

LEMMA 9.12: Assume that b = cov(M). Then there is a family B =
{by : < b} C [N]® such that the subgroup G = (B) of P(N) is contained
in [N]® U {0}, and e[B] € NY has the following properties:
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(1) e[B] = {e(by) : @ < b} is <*-increasing with o and <*-unbounded,
(2) There is a continuous ® : NN — NN such that ®[e[B]] is a witness for

the combinatorial definition of cov(M).

Proof. Let k = b = cov(M), and Y = {y, : a < } C N¥ be such that there is
no f € NY such that for each y € Y, f(n) = y(n) for some n.
Fix a <*-unbounded subset {f, : a < &} of NN Fix a bijection ¢ : NxN — N

3

such that m,n < ¢(m,n) for all m,n.> We will use the homeomorphism

U : NN x NN — NN defined by

V(f,9)(n) = u(f(n),9(n))

for each n. Note that h <* U(f, g) whenever h <* g.
Define B = {b, : a < k} C [N]¥ by induction on a: At step a, let

Go = {{bg: B <a} UIN]T) = ({bs : § < a}) AN,
Let hy be a <*-bound of {e[bg] : f < a}. We may assume that f, < h,. Let
Ao ={¥(ya,9) : g €N, ho <* g}

As WU is injective, |Ay| = ¢ > k > |G|, so we can choose g, € Ay \ e[Go N[N]¥0].
Take by = e (ga) = im(ga)-
Clearly, (B) C [N]* U {@} and (1) holds. For (2), let ® : NY¥ — NN be the

mapping ®(¥(y,g)) =y. Then P[e[B]] =Y. |

Let kK = b = cov(M). Take B C [N]*° as in Lemma 9.12. As b < cov(M), all
finite powers of B U [N]<® have the Rothberger property [8], and by Lemma
7.2, 50 does G = (B U[N]<®) in P(N). Consequently, its subgroup H = (B) is
Rothberger-bounded. As |H| = k < 9, H has the Menger property.

As e[H \ {0}] D e[B] is <*-unbounded, H \ {#} does not have the Hurewicz
property. By Lemma 8.4, H does not have the Hurewicz property. Now,
Dle[H \ {0}]] D @[e[B]], and ®[e[B]] does not have strong measure zero. As
having strong measure zero is a hereditary property, ®[e[H \ {0}]] does not
have strong measure zero. As ® is continuous, e[H \ {0}] does not have the
Rothberger property, and therefore neither does H \ {(}}. Consequently, H does
not have the Rothberger property.

3 The canonical bijection ¢ : N X N — N has the required property.
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To get a subgroup of ZY as required, take G = (G) and H = (H) in ZV.
By Lemma 7.2, G has the Rothberger property, and therefore H is Rothberger-
bounded. Being a subgroup of ({0,1}"), it is Hurewicz-bounded. It has the
Menger property because |H| = k < 0. By Lemma 8.1, H does not have the
Hurewicz nor the Rothberger property. |

Having successfully realized all but three of the settings in Figure 1, one may
be tempted to assume that all settings can be realized. Surprisingly, this is not
entirely the case.

THEOREM 9.13: There does not exists a realization of Setting (5.b).

Proof. In [27] it is proved that if a set of reals has the Hurewicz property and
has strong measure zero, then it has the Rothberger property (see [38] for a
simple proof of that assertion). Use Theorem 3.5. |

Only the Settings (2.b) and (3.c) of Figure 1 remain unsettled.

PROBLEM 9.14: 4 Is it consistent that there is a subgroup G of Z" such that
G has strong measure zero, is unbounded (with respect to <*), and does not
have the Menger property?

PROBLEM 9.15: 4 Is it consistent that there is a subgroup G of Z such that G
has strong measure zero and Menger’s property, but is unbounded (with respect
to <*) and does not have the Rothberger property?

ACKNOWLEDGMENTS. We thank Heike Mildenberger, Lyubomyr Zdomskyy,
and the referee for their useful comments. We also thank Taras Banakh,
Lyubomyr Zodmskyy, and Petr Simon, for suggesting the elimination of one
quantifier in Theorems 3.1 and 3.2.

The major part of the research towards this paper was carried out when the
first author visited Bar-Ilan University, and the second author was a Koshland
Scholar at the Weizmann Institute of Science. The authors thank the Mathe-
matics Faculties of both institutions, and especially their hosts Boris Kunyavski,
Adi Shamir, and Gideon Schechtman, for their very kind hospitality.

4 This problem was recently solved in the positive by Tomasz Weiss, in his paper A note
on unbounded strongly measure zero subgroups of the Baer-Specker group, Topology and
its Applications, to appear. doi:10.1016/j.topol.2008.03.026



Vol.

(1]
(2]

(8]

[9]

(10]
(11]
(12]
(13]
(14]
(15]
(16]
(17]
18]

(19]

168, 2008 THE BAER-SPECKER GROUP 149

References

L. Babinkostova, Metrizable groups and strict o-boundedness, Matematicki Vesnik 58
(2006), 131-138.

L. Babinkostova, Lj. D.R. Ko¢inac and M. Scheepers, Combinatorics of open covers (XI):
Menger- and Rothberger-bounded groups, Topology and its Applications 157 (2007),
1269-1280.

R. Baer, Abelian groups without elements of finite order, Duke Mathematical Journal 3
(1937), 68-122.

T. Banakh, On index of total boundedness of (strictly) o-bounded groups, Topology and
its Applications 120 (2002), 427-439.

T. Banakh, P. Nickolas and M. Sanchis, Filter games and pathological subgroups of a
countable product of lines, Journal of the Australian Mathematical Society 81 (2006),
321-350.

T. Banakh and L. Zdomsky, Selection principles and infinite games on multicovered
spaces and their applications, book in progress.

T. Bartoszynski and H. Judah, Set Theory. On the structure of the real line, A. K. Peters
Ltd., Wellwsley, MA, 1995.

T. Bartoszynski and B. Tsaban, Hereditary topological diagonalizations and the Menger-
Hurewicz Conjectures, Proceedings of the American Mathematical Society 134 (2006),
605-615.

A. R. Blass, Combinatorial cardinal characteristics of the continuum, in Handbook of Set
Theory (M. Foreman, A. Kanamori, and M. Magidor, eds.), Kluwer Academic Publishers,
Dordrecht, to appear.

http://www.math.lsa.umich.edu/"ablass/hbk.pdf

A. R. Blass, Abelian Group Theory Papers,
http://www.math.lsa.umich.edu/"ablass/abgp.html

E. Borel, Sur la classification des ensembles de mesure nulle, Bulletin de la Societe
Mathematique de France 47 (1919), 97-125.

J. Chaber and R. Pol, A remark on Fremlin-Miller theorem concerning the Menger pro-
perty and Michael concentrated sets, preprint (2002).

D. H. Fremlin and A. W. Miller, On some properties of Hurewicz, Menger and Rothberger,
Fundamenta Mathematica 129 (1988), 17-33.

R. Gobel and B. Wald, Martin’s axiom implies the existence of certain slender groups,
Mathematische Zeitschrift 172 (1980), 107-121.

C. Hernandez, Topological groups close to being o-compact, Topology and its Applica-
tions 102 (2000), 101-111.

C. Hernandez, D. Robbie and M. Tkacenko, Some properties of o-bounded and strictly
o-bounded groups, Applied General Topology 1 (2000), 29-43.

W. Hurewicz, Uber eine Verallgemeinerung des Borelschen Theorems, Mathematische
Zeitschrift 24 (1925), 401-421.

W. Hurewicz, Uber Folgen stetiger Funktionen, Fundamenta Mathematicac 9 (1927),
193-204.

W. Just, A. W. Miller, M. Scheepers and P. J. Szeptycki, The combinatorics of open
covers II, Topology and its Applications 73 (1996), 241-266.



150

20]

(21]

[22]
[23]
[24]
[25]
[26]
[27]
28]
[29]
[30]
[31]
[32]
[33]
[34]
[35]
[36]

(37)

(38]

MICHAL MACHURA AND BOAZ TSABAN Isr. J. Math.

Lj. D.R. Koc¢inac, Selection principles in uniform spaces, Note di Matematica 22 (2003),
127-139.

Lj. D.R. Kocinac, Selected results on selection principles, in Proceedings of the 3rd
Seminar on Geometry and Topology (Sh. Rezapour, ed.), July 15-17, Tabriz, Iran, 2004,
pp. 71-104.

A. Krawczyk and H. Michalewski, An example of a topological group, Topology and its
Applications 127 (2003), 325-330.

R. Laver, On the consistency of Borel’s conjecture, Acta Mathematica 137 (1976),
151-169.

K. Menger, Einige Uberdeckungssiitze der Punktmengenlehre, Sitzungsberichte der
Wiener Akademie 133 (1924), 421-444.

H. Michalewski, Function spaces with topology of pointwise convergence, doctoral disser-
tation, Faculty of Mathematics, Informatics and Mechanics, Warsaw University (2003).
J. Mycielski, Independent sets in topological algebras, Fundamenta Mathematicae 55
(1964), 139-147.

A. Nowik, M. Scheepers and T. Weiss, The algebraic sum of sets of real numbers with
strong measure zero sets, The Journal of Symbolic Logic 63 (1998), 301-324.

I. Rectaw, Every Luzin set is undetermined in the point-open game, Fundamenta Mathe-
maticae 144 (1994), 43-54.

F. Rothberger, Eine Verschirfung der Eigenschaft C, Fundamenta Mathematicae 30
(1938), 50-55.

M. Scheepers, A direct proof of a theorem of Telgarsky, Proceedings of the American
Mathematical Society 123 (1995), 3483-3485.

M. Scheepers, Combinatorics of open covers I: Ramsey theory, Topology and its Appli-
cations 69 (1996), 31-62.

M. Scheepers, Selection principles and covering properties in topology, Note di Matem-
atica 22 (2003), 3-41.

E. Specker, Additive Gruppen von Folgen ganzer Zahlen, Portugaliae Mathematica 9
(1950), 131-140.

M. Tkacenko, Introduction to topological groups, Topology and its Applications 86
(1998), 179-231.

B. Tsaban, A diagonalization property between Hurewicz and Menger, Real Analysis
Exchange 27 (2001/2002), 757-763.

B. Tsaban, o-bounded groups and other topological groups with strong combinatorial
properties, Proceedings of the American Mathematical Society 134 (2006), 881-891.

B. Tsaban, Some new directions in infinite-combinatorial topology, in Set Theory
(J. Bagaria and S. Todorcevic, eds.), Trends in Mathematics, Birkhauser, 2006,
pPp. 225-255.

B. Tsaban and T. Weiss, Products of special sets of real numbers, Real Analysis Exchange
30 (2004/5), 819-836.



Vol. 168, 2008 THE BAER-SPECKER GROUP 151

[39] B. Tsaban, Additivity numbers of covering properties, in Selection Principles and Cov-
ering Properties in Topology (Lj. D.R. Kocinac, ed.), Quaderni di Matematica vol. 18,
Seconda Universita di Napoli, Caserta, 2006, pp. 245-282

[40] B. Tsaban and L. Zdomskyy, Scales, fields, and a problem of Hurewicz, Journal of the Eu-
ropean Mathematical Society, Journal of the European Mathematical Society 10 (2008),
837-866.





