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1. Introduction

The Isbell-Mréwka W-spaces [11,16] are classic examples in the realm of topological covering properties.
A family A C P(N) is almost disjoint if every element of A is infinite, and the sets A N B are finite for
all distinct elements A, B € A. For an almost disjoint family A, let ¥(A) := AUN. A topology on ¥(A)
is defined as follows. The natural numbers are isolated, and for each element A € A and each finite set
F C N, the set {A} U(A\ F) is a basic open neighborhood of A. Spaces constructed in this manner are
called W-spaces.

For a set X, a subset A of X and a family U of subsets of X, let star(A,U) == {U e U : ANU # 0}.
A topological space X is star-Lindelof [5] if every open cover U of X has a countable subset V such that
X = star(JV,U). It is strongly star-Lindelof [5] if, for each open cover U of X, there is a countable set
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C C X such that X = star(C,U). It is easy to see that uncountable W-spaces are not Lindelof. Being
separable, though, all W-spaces are strongly star-Lindelof.

Menger’s property is the following selective version of Lindel6f’s property: For every sequence Uy,Us, . ..
of open covers of X, there are finite sets F; C Uy, Fa C Us,... such that the family {UF1,U Fo,...}
covers X.

A topological space X is star-Menger (respectively, strongly star-Menger) [13] if for every sequence
U1,Us, . .. of open covers of X, there are finite sets F1 C Uy, Fo C Us, ... (respectively, Fy, Fy,--- C X) such
that the family {star(|J Fi1,U ), star(|J F2,Uz), ...} (respectively, {star(Fy,U ), star(Fa,Us),...}) covers X.

A topological space X is a Hurewicz (respectively: star-Hurewicz; strongly star-Hurewicz) space [3] if, in
the corresponding definitions in the previous paragraph, we request that every point of X is in the set | J F;,
(respectively: star(|J F,,Uy); star(Fy,,Uy,)) for all but finitely many n.

The implications among the mentioned covering properties are as follows.

Lindel6f —— strongly star-Lindel6f ——— star-Lindelof

| | |

Menger ——— strongly star-Menger ——— star-Menger

! | |

Hurewicz —— strongly star-Hurewicz —— star-Hurewicz

A survey of these properties and their connections to other notions is available in [14].

Background on the combinatorial cardinals of the continuum used in this paper, including the unbounding
number b and the dominating number 0, is available in [4,2]. Whether a U-space is strongly star-Menger—or
strongly star-Hurewicz—depends only on the cardinality of the space.

Theorem 1.1. (Bonanzinga—Matveev [7]) Let A C P(N) be an almost disjoint family.

(1) The space U(A) is strongly star-Menger if and only if |A| <.
(2) The space W(A) is strongly star-Hurewicz if and only if |A| < b.

The question of when a W-space U(.A) is star-Menger—or star-Hurewicz—is more elusive. Combinatorial
characterizations in terms of the family A are provided in Section 2, but some of the most basic problems
remain, in general, open. Some of these problems are reviewed in Section 4.

Let P be a partially ordered set. A subset C of P is cofinal if for each element a € P there is an element
¢ € C such that a < ¢. The cofinality of P, denoted cof(P), is the minimal cardinality of a cofinal subset
of P. The number cof(P) may, in general, be a singular cardinal number. For a set X, let Fin(X) be the
family of all finite subsets of X. In this paper, families of sets are always partially ordered by the relation C.
The set Fin(X)Y of all functions f: N — Fin(X) is partially ordered coordinate-wise: f < g if f(n) C g(n) for
all n. The cardinal cof (Fin(X)") depends only on | X|. For an infinite cardinal x, the cardinal cof (Fin(x)Y)
will later be expressed in simpler terms. In particular, it is known that the cardinality ¢ of the continuum
satisfies cof (Fin(¢)Y) = «.

Theorem 1.2. (Bonanzinga—Matveev [7]) Let A C P(N) be an almost disjoint family of cardinality . If
cof (Fin(k)Y) = &, then the space U(A) is not star-Menger.

A simple proof of Theorem 1.2 is provided in Section 2. Section 2 also includes a similar theorem for
star-Hurewicz W-spaces (Theorem 2.4). Theorems 1.1(1) and 2.4 are used in Example 2.5 to obtain a
consistent example of a (strongly) star-Menger W-space that is not star-Hurewicz.
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The existence of a star-Menger W-space that is not star-Hurewicz violates the Continuum Hypothesis, and
thus cannot be constructed in ZFC alone. Indeed, ¥-spaces have cardinality at most ¢. Since cof (Fin(¢)N) = «,
every star-Menger W-space has cardinality smaller than ¢. By Theorem 1.1(2), we have the following corollary.

Corollary 1.3. If b = ¢, then every star-Menger U-space is (strongly) star-Hurewicz. 0O

Remark 1.4. If we do not insist on ¥-spaces then there is, provably in ZFC, a very nice (strongly) star-Menger
space that is not star-Hurewicz: For paracompact spaces, each of the mentioned covering properties coincides
with its star- and strongly star- versions. Chaber and Pol proved that there are Menger subsets of the Cantor
space that are not Hurewicz (cf. [18]).

The question whether cof (Fin(x)Y) = & for a cardinal number k appears in a number of additional, related
and seemingly unrelated, topological contexts. The following theorem follows from Sakai’s Theorem 2.1
in [17], since being closed discrete is a hereditary property.

Theorem 1.5. (Sakai) Let D be a closed discrete subspace of a regular strongly star-Menger space. Then the
cardinality of D is smaller than the minimal fized point of the function k > cof (Fin(x)Y).

Let X be a topological space. The Pizley—Roy space PR(X) is the space of all nonempty finite subsets
of X, with the topology determined by the basic open sets

[F,U] .= {H e PR(X): F C HC U},
F € PR(X) and U open in X.

Theorem 1.6. (Sakai [17]) Let X be an infinite reqular topological space of cardinality x. If cof (Fin(k)Y) = k,
then the space PR(X) is not star-Menger.

The cardinals cof (Fin(x)Y) also show up in a study of the character of topological groups.

Theorem 1.7. (/6]) Let X be a nondiscrete hemicompact k space. Let k be the supremum of the weights of
compact subsets of X. Then the character of the free abelian topological group A(X) is cof (Fin(x)Y).

A similar result is proved in [6] for general abelian non-locally compact hemicompact k groups. A number
of estimations of cof(Fin(x)Y) for infinite cardinals x are provided there. The key to these is the following
reduction. For an infinite cardinal number &, let [k]¥° be the family of all countably infinite subsets of &.

Proposition 1.8. (/6]) Let x be an infinite cardinal number. Then cof(Fin(k)Y) is the mazimum of the
cardinals 0 and cof ([K]™0).

Thus, the Bonanzinga—Matveev Theorem 1.2 can be reformulated as follows. (Recall that the space U(.A)
is strongly star-Menger if |A| < .)

Theorem 1.9. Let A C P(N) be an almost disjoint family of cardinality k > 0. If cof ([]¥) = &, then the
space U(A) is not star-Menger.

The estimation of the cardinal cof([x]™°) in terms of the cardinal  is a central goal in Shelah’s PCF
theory, the theory of possible cofinalities. In contrast to cardinal exponentiation, the function  + cof ([x]0)
is tame. For example, if there are no large cardinals in the Dodd—Jensen core model, then cof([x]¥°) is simply
& if k has uncountable cofinality, and k¥ (the successor of k) otherwise [8]. Moreover, without any special
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hypotheses, the cardinal cof ([x]*?) can be estimated, and in many cases computed exactly. Some examples
follow (for proofs and references, see [6, Section 8]).

For uncountable cardinals « of countable cofinality, a variation of Ko6nig’s Lemma implies that
cof ([k]*0) > k. Throughout, Shelah’s Strong Hypothesis (SSH) is the assertion that cof([k]¥) = k* for
all uncountable cardinals x of countable cofinality. Clearly, the Generalized Continuum Hypothesis implies
SSH, but the latter axiom is much weaker, being a consequence of the absence of large cardinals.

Theorem 1.10. (Folklore) The following cardinals are fized points of the function k — cof([k]0):

(1) The cardinals k with KXY = k.

(2) N, for natural numbers n > 1.

(3) The cardinals R,;, for k a singular cardinal of uncountable cofinality that is smaller than the first fized
point of the W function.

(4) Assuming SSH, all cardinals of uncountable cofinality.

Moreover, successors of fized points of this function are also fized points.

For example, for n = 1,2,..., the cardinal Ny, and its successors are all fixed points of the function
K+ cof ([k]%0).

Corollary 1.11. Let A C P(N) be an almost disjoint family of cardinality at least .
(1) For each cardinal k smaller than the first fized point of the X function, with Ro < cof(k) < &, if |A] = R,
for some ordinal o with k < o < Kk + w, then the space Y(A) is not star-Menger.

(2) Assume SSH. If the cardinal | A| has uncountable cofinality, then the space ¥(A) is not star-Menger. O

The cardinality of W-spaces is at most ¢. Knowing that cof(Fin(x)Y) = 0 - k for the cardinals ¥,, (for
n € N) and for the cardinal ¢, the following problem is natural.

Problem 1.12. (Bonanzinga—Matveev [7]) Is cof (Fin(k)Y) = 9-x for each infinite cardinal k < ¢? In particular,
is cof (Fin(x)Y) = 0 for each infinite cardinal x < 07

This problem is solved in Section 3.
2. Combinatorial characterizations and a consequence

The following theorem provides a combinatorial characterization of star-Menger W-spaces.

Theorem 2.1. Let A C P(N) be an almost disjoint family. The following assertions are equivalent:

(1) The Isbell-Mréwka space U(A) is star-Menger.
(2) For each function A — f4 from A to NN, there are finite sets Fi, Fa,... C A such that, for each A € A,
there is n with (A\ fa(n)) NUpger, (B\ fB(n)) # 0.

Proof. (2) = (1): Since the subspace N of ¥(.A) is countable, it suffices in the definition of the star-Menger
property to cover A. Let U,,, for n € N, be open covers of ¥(.A). By moving to a finer open cover, we may
assume that for each A € A and each n, there is a natural number fa(n) such that {A}U(A\ fa(n)) € U,.
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Let Fiy,Fa,... C A be finite sets as in (2). For each n, the set

{{BYU(B\ [p(n)): B € Fn}

is a finite subset of U,,. Let A € A. Pick n as in (2). Then

Ae{AYU (AN fa(n)) Cstar(Uper, {BYU(B\ f5(n))),Un ).

(1) = (2): For each n, let

U, = {{A}U(A\ fa(n)): Ae AU {{m}:m e N}

Since the space W(A) is star-Menger, there are finite sets F; C Ui, Fo C Us,... such that U(A4) =
U,, star(U Fy,Uy). For each n and each {m} € F,, pick if possible an element B € A such that
m € B\ fp(n), and substitute {B} U (B \ fg(n)) for {m} in F,. If there is no such B, just remove
{m} from F, (in this case, star({m},U,) = {m}). Then A C |, star(|J F,,U,). The assertion in (2) then
follows from the definitions. O

We obtain the following simple proof of Theorem 1.2. The main simplification over the proof in [7] is
that we avoid the necessity to use two types of cofinal sets simultaneously.

Proof of Theorem 1.2. We establish the negation of the characterization in Theorem 2.1.

Enumerate A := {4, : a < k}, and let {F, : a < k} be a cofinal subset of Fin(x)N. We may assume that
a ¢ F,(n) for all n. Indeed, the family {F/, : a < &}, defined by F/ (n) := Fy(n) \ {a} for all n, is cofinal
in Fin(k)": Let F € Fin(x)Y, and set I := {a < k: F < F,}. For each ordinal § < &, there is a < x such
that F(n) U{B} C Fu(n) for all n. Thus, J,c; U, Fa(n) = £, and therefore the set I is uncountable. Pick
an ordinal a € I'\ J,, F(n). Then F(n) C F,(n) \ {a} for all n.

For each o < k and each n, let

fa(n) ;== 1+ max U Ay N Ag.
BEFa(n)

Let F1,Fa,... C A be finite sets. For each n, let H,, := {a < k: Ay € F,}. Take a such that H, C F,(n)

for all n. Then, for each n, we have that max(Aa NUgepy, 4s) < fa(n), and thus

(Ao \ fa(m)) N (As\ f5(n) € (Aa\ fam)) 0 |J 45=0. O

BEH, BEH,

The following theorem provides a combinatorial characterization of star-Hurewicz W-spaces. Its proof,
which is similar to that of Theorem 2.1, is omitted.

Theorem 2.2. Let A C P(N) be an almost disjoint family. The following assertions are equivalent:

(1) The Isbell-Mréwka space ¥(A) is star-Hurewicz.
(2) For each function A fa from A to NN, there are finite sets Fi, Fa, ... C A such that, for each A € A,

(AN fa(n)) NUgex, (B\ fa(n)) # 0 for all but finitely many n. O
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Proposition 2.3. Let k be an infinite cardinal. The following cardinal numbers are equal:

(1) The minimal cardinality of a family F C Fin(k)Y such that for each g € Fin(x)Y there is f € F with
g(n) C f(n) for infinitely many n.
(2) The mazimum of the cardinals b and cof ([k]™°).

Proof. (2) < (1): Let F be as in (1).
For each f € F, define a function f’ € NN by

f'(n) :==1+ max(f(n) NN).

For each function g € NV, there is f € F such that {1,...,g(n)} C f(n), and thus g(n) < f’(n), for infinitely
many n. Thus, the family {f" : f € F} is unbounded. This shows that b < |F|.

For each set A € [k]™, pick a function g € Fin(k)" such that g(n) C g(n+1) for all n, and A C |J,, g(n).
Pick f € F such that g(n) C f(n) for infinitely many n. Then, since g(n) C g(n + 1) for all n, J,, g(n) C
U,, f(n). Thus, the family {{J, f(n): f € F} is cofinal in [k]*°. It follows that cof([x]™0) < |F|.

(1) < (2): Let G be an unbounded family in NY, and H be a cofinal family in [x]®°. For each set A € H,
fix a function f4 € Fin(x)Y such that f4(n) C fa(n+1) for all n, and A C{J,, fa(n).

Let h € Fin(x)N. Pick A € # with |J,, h(n) C A. Pick g € G such that

min{m : h(n) C fa(m)} < g(n)

for infinitely many n. Then h(n) C fa(g(n)) for infinitely many n. Take F := {fa0g:9 € G, A € H}. Then
|F| <b-cof([x]®0). O

We obtain the following analogue of Theorem 1.9. (Recall that ¥-spaces of cardinality smaller than b are
strongly star-Hurewicz.)

Theorem 2.4. Let A C P(N) be an almost disjoint family of cardinality k > b. If cof ([k]¥) = &, then the
space W(A) is not star-Hurewicz.

Proof. The proof is almost identical to that of Theorem 1.2, using Proposition 2.3 and Theorem 2.2. The
necessary changes are as follows. Here, we let {F, : a < k} C Fin(k)Y be a family as in Proposition 2.3(1).
For the last step of the proof, we take « such that H,, C F,(n) for infinitely many n, and restrict attention
to these n. O

Example 2.5. Assume that b = 8; < 0. Then there is a strongly star-Menger W-space that is not star-
Hurewicz.

Proof. Since there are almost disjoint sets of cardinality continuum, there are ones of any smaller cardinality,
too. Let A C P(N) be an almost disjoint family of cardinality ;. By Theorem 1.1, the space ¥(.A) is strongly
star-Menger. By Theorem 1.10(2) and Theorem 2.4, this space is not star-Hurewicz. 0O

Corollary 2.6. (SSH) The following assertions are equivalent:

(1) There is a strongly star-Menger U-space that is not star-Hurewicz.
(2) b<0D.
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Proof. (1) = (2): Let ¥(A) exemplify (1). By Theorem 1.1, |A] < 0. If b = 0 then, by the same theorem,
the space ¥(A) is (strongly) star-Hurewicz; a contradiction.

(2) = (1): Take a W-space of cardinality b. By Theorem 1.1, the space W(.A) is strongly star-Menger. By
Theorem 1.10(4), since b is a regular cardinal, cof([b]¥0) = b. Apply Theorem 2.4. O

3. A solution of the Bonanzinga—Matveev problem

Problem 1.12 asks whether cof (Fin(x)Y) = 0 for each infinite cardinal x < ¢, and, in particular, whether
cof (Fin(x)) = 0 for each infinite cardinal x < 0.

Clearly, the Continuum Hypothesis implies a positive answer to Problem 1.12, and Problem 1.12 actually
asks whether the assertions are provable without special set theoretic hypotheses. We first point out a
negative answer to the first part of this problem.

Proposition 3.1. Let R, := 0. If Ry, < ¢, then there is a cardinal k < ¢ such that cof (Fin(x)Y) > 0 - k.

Proof. Take k := R, Since 0 < k < cof([x]N), we have by Theorem 1.10 that cof (Fin(x)") = cof ([x]%0).
By Konig’s Lemma, we have that cof ([]¥) > k =0 K. O

We use some facts from the theory of forcing. A general introduction is available in Kunen’s book [15],
whose notation we follow. Some more details that are relevant for us here are available in Bartoszyniski and
Judah’s book [1], and in Blass’ chapter [2].

Fix a successor ordinal § > w. Adding Rg random reals to a model of the Continuum Hypothesis, we
obtain a model of ® = ®; and ¢ = Ng. Such a model satisfies the condition in Proposition 3.1.

SSH implies a positive answer to the second part of the Bonanzinga—Matveev problem, and a conditional
solution to its first part.

Theorem 3.2. (SSH)

(1) For each infinite cardinal k < 0, we have that cof (Fin(x)Y) = 0.
(2) cof (Fin(k)N) = 0 - & for all infinite cardinals k < ¢ if, and only if, there is n > 0 such that ¢ =", the
n-th successor of 0.

Proof. We use Theorem 1.10.

(1) If cof (k) > Vg, then cof (Fin(x)Y) = -k = 0. Otherwise, as cof(0) > b > Ry, we have that x < 9, and
cof (Fin(k)¥) =0 -kt =0.

(2) If there is such n, then each k with 0 < k < ¢ has uncountable cofinality, and by SSH we have that
cof (Fin(x)Y) = 0 - k. Otherwise, Proposition 3.1 applies. O

Thus, the answer to the first part of Problem 1.12 is “No”, and the answer to its second part is “Yes” if
there are no (inner) models of set theory with large cardinals. To complete the picture, it remains to show
that the answer is “No” (to both parts) when large cardinal hypotheses are available. For the following
theorem, it suffices for example to assume the consistency of supercompact cardinals, or of so-called strong
cardinals. More precise large cardinal hypotheses are available in [10].

Theorem 3.3. (Gitik—Magidor [10]) It is consistent (relative to the consistency of ZFC with an appropriate
large cardinal hypothesis) that 2% =N, 1 for all n, and 2% = R, 41, for any prescribed v < w;.
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This theorem is related to our questions as follows. As X, is a limit cardinal of cofinality Rg, 2% =
(2<Re)No_Tf 28w = N, 4 for all n, then 2<¥ = R, and thus 2% = (X,,)¥0 = 2%0.cof ([N, ]}0) = cof ([R,,]N0).!
Hechler’s forcing H is a natural forcing notion adding a dominating real, i.e., d € NN such that for each
f € N¥NV, where V is the ground model, f <* d. H = {(n,f) : n € N, f € NV}, and (n, f) < (m,g)
ifn>m, f>g,and f(k) = g(k) for all k& < m. If G is H-generic over V, then by a density argument,
d= U(n’f)eg flii,..ny € N is as required. H is ccc, and thus so is the finite support iteration P = ( P, Q. :

a < \), where for each «, P, forces that Q. is Hechler’s forcing.

Theorem 3.4. It is consistent (relative to the consistency of ZFC with appropriate large cardinal hypotheses)
that

R, < b=0=R,1 < cof(Fin(R,)") = cof (R,]¥) = Ryjryp1 = ¢,
for each prescribed v with 1 < v < Ny.

Proof. Use Theorem 3.3 to produce a model of set theory, V, satisfying ¢ = R; and cof ([R,]¥0) = Ryyjryt1.

Let P := (Pa,Qa s < Ny,11) be the finite support iteration, where for each «, P, forces that Q. is
Hechler’s forcing. Let G be P-generic over V', and for each a < R4, let G, := G N P, be the induced
P,-generic filter over V. For each «, let d, be the dominating real added by @, in stage o + 1, so that for
each f € V[Go| NN, f <* d,.

As P is cce, cof([R,]M0) remains R, 441 in V[G]. As N, ;1 has uncountable cofinality, we have that
NN VI[G] = Ua<ro s NV N V|G, [1, Lemma 1.5.7]. It follows that {d, : o < R,;1} is dominating in
V[G]. Moreover, it follows that for each B C NN N V[G] with |B| < N, 1, there is a < N, such that
B CNYNV[G,], and thus B is <*-bounded (by d,). Thus, in V[G], b =0 = N, ,;.

As the Continuum Hypothesis holds in V, |P| = R4, and as P is ccc, the value of ¢ in V[G] is at
most (by counting nice names [15, Lemma 5.13 in Chapter VII]) [P|N0 = Ngjl, evaluated in V. In V|,
N < (2Nw)Ro = 2Nw = R 4v+1. Thus, in V[G], ¢ < R, 4y41. On the other hand, in V[G], as X, <d <,

w+1
Ry pyi1 = cof (Ry]N0) <RFo <o =¢. O

Remark 3.5. For finite 7, which are sufficient for our purposes, a simplified proof of the Gitik—-Magidor
Theorem 3.3 is available in Gitik’s chapter [9]. Following our proof, Assaf Rinot pointed out to us that
starting with a supercompact cardinal (a stronger assumption than that in [9]), one may argue as follows:
Start with a model of GCH with & supercompact. Use Silver forcing to make 2% = ™ [12, Theorem 21.4].
Since k remains measurable, we can use Prikry forcing to make cof(k) = ¥y, without adding bounded
subsets [12, Theorem 21.10]. Then GCH holds up to &, and cof([]¥°) = kX0 = 2% = x*+. Then, continue
as in the proof of Theorem 3.4.

4. Comments and open problems
Remarkably, the following problem remains open.
Problem 4.1. (Bonanzinga—Matveev [7]) Is there, consistently, a star-Menger W-space of cardinality > 97

Since W-spaces of cardinality smaller than 0 are strongly star-Menger, the problem asks whether there
could be star-Menger W-spaces that are not in fact strongly star-Menger. More importantly, the problem asks
whether there may be, consistently, nontrivial star-Menger W-spaces, that is, ones whose being star-Menger

1 For the second equality, count the countable subsets of X,, by taking a cofinal family in [NW]NU and, for each set in this family,
take all of its subsets.
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does not follow from their cardinality being smaller than 9. By Theorem 1.9, the cardinality of a nontrivial
star-Menger W-space cannot be any of the cardinals listed in Theorem 1.10. Thus, ¢ > X, in every model
witnessing a positive solution of Problem 4.1. It may be worth considering forcing extensions where 0 = Ny,
k =R, and ¢ = X, ;1. Similarly, we have the following problem (to which similar comments apply).

Problem 4.2. Is there, consistently, a star-Hurewicz WU-space of cardinality > b7

A topological space X is star-Rothberger [13] if for every sequence Uy, Us, ... of open covers of X, there
are elements Uy € Uy, Uz € Us, ... such that X = |J,, star(U,,U,). Arguments similar to ones in Section 2
establish the following theorem.

Theorem 4.3. Let A C P(N) be an almost disjoint family. The following assertions are equivalent:

(1) The Isbell-Mréwka space U(A) is star-Rothberger.
(2) For each function A — fa from A to NN, there are elements Ay, As, ... € A such that, for each A € A,
there is n with (A\ fa(n)) N (Ap\ fa,(n)) #0. O

The cardinal cov(M) is the minimal cardinality of a subset of N that cannot be guessed by a single
function (that is, no function is equal infinitely often to each member of the set). It is open whether there
is an analogue of Theorems 1.9 and 2.4 for star-Rothberger WU-spaces. W-spaces of cardinality smaller than
cov(M) are star-Rothberger, and there is U-space of cardinality cov(M) that is not star-Rothberger [7].

Problem 4.4. Is there, consistently, an almost disjoint family A C P(N) of cardinality x > cov(M) such
that cof ([]¥°) = k and the space W(A) is star-Rothberger?

It is not clear that the cardinals in Theorems 1.2 and 2.4 are not mere artifact of the proofs. Indeed, the
proofs exploit the freedom provided by Theorems 2.1 and 2.2. In particular, we have the following problems.

Problem 4.5. What is the minimal cardinal x such that no W-space of cardinality & is star-Menger? What
is the corresponding cardinal for star-Hurewicz and star-Rothberger ¥-spaces?

In light of Section 2, it may be possible to prove, using the methods of [17], the following variations of
Theorems 1.5 and 1.6

Conjecture 4.6.

(1) Let D be a closed discrete subspace of a regular strongly star-Hurewicz space. Then the cardinality of D
is smaller than the minimal fized point of the function r +— cof([k]X°) in the interval [b, c].

(2) Let X be a reqular topological space of cardinality r. If cof([k]¥°) = k > b, then the space PR(X) is not
star-Hurewicz.

Motivated by Theorem 1.5, Sakai proposes the following problem.

Problem 4.7. (Sakai) Consider the minimal cardinal number greater than all cardinalities of closed discrete
subspaces of regular strongly star-Menger spaces. Is this cardinal equal to the minimal fixed point of the
function s — cof ([k]*°) in the interval [0, ¢]?
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